Enumeration of Genus- Two Curves with a Fixed Complex 

Structure in and 

Aleksey Zinger * 
February 1, 2008 



Abstract 

We express the genus-two fixed-complex-structure enumerative invariants of and P'^ in terms 
of the genus-zero enumerative invariants. The approach is to relate each genus- two fixed- 
complex-structure enumerative invariant to the corresponding symplectic invariant. 
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1 Introduction 

1.1 Background and Results 

Let be a nonsingular Riemann surface of genus g>2, and let d,n be positive integers with 

d>l and n>2. Denote by TCs^i^"^) set of simple holomorphic maps from S to P" of degree d. 
Let fi = {fj,i, . . . , /iTv) be an A-tuple of proper complex submanifolds of P" such that 



l=N 



codimc/i; = d{n -|- 1) — n{g — 1) -|- A. 



1=1 



If these submanifolds are in general position, the cardinality of the set 

nj^M = {{yi, . . . ,y7v;n): ^zGHE,d(F"); y,eS, u{yi)efii \/l = l,... , A} 



(LI) 



(L2) 



is finite and depends only on the homology classes of //i, . . . ,^n- The group Aut(S) of holomor- 
phic automorphisms of T, acts freely on TCs^dii^)- Tor this reason, algebraic geometers prefer to 
consider the ratio of the cardinality of the set TCs^difJ-) ^^^^ the order of the group Aut(S). The 
cardinality of the set depends only on the genus of S. Furthermore, for a dense open subset 

of complex structures on S, the group of holomorphic automorphisms of S has the same order. 
If js lies in this open subset, we denote the above ratio by Hg^difJ-)- This number is precisely the 
number of irreducible, nodal degree-d genus-^f curves in P" with a fixed generic complex structure 
on the normalization and passing through the constraints /^i, . . . ,/iAr. 

For g = 0,l, one can define the numbers Ug^dif^) for constraints of appropriate total codimension 
by counting the number of equivalence classes under the action of the now infinite group Aut(S) 



on the set H-Y.^dip) defined as in (1.2) above. It is shown in |RT| ] that 

no,d{f^) = RTo,d(^l,/i2,/i3;M4, • • • ,/UAf), 
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where RTo,d(-;') denotes the symplectic invariant of P" as defined in [EIT|. For g = 1, in ^] 
the difference 

RTg,d(/ii; /U2, . . . , Hn) - 2ng,d(/i) 

is expressed as an intersection number on a blowup of the space of degree-d (A^+l)-marked rational 
curves passing through the constraints /ii, . . . ,ij,n- This number is shown to be computable, and 
explicit formulas are given in the n = 2,3 cases. On the other hand, the symplectic invariant is 
easily computable from the two composition laws of ||RT]| . A completely algebraic approach for the 
n = 2, g = l case is given in [Pl|. Using this approach, |KQR| express n2,d in the n = 2 case in terms 
of the numbers no d' with d' < d. 



In this paper, we extend the approach of ^ to compute the difference 

R.T2,d(-;/^l,--- ,/iAr) - 2n2,d(;U) 



in the n = 2,3 cases. The reason for the factor of two above is that the automorphism group of a 
generic genus-two Riemann surface has order two. The following two theorems are the main results 
of this paper. The two tables list some low-degree genus-two numbers. Evidence in support of the 



two formulas is described in Subsection 5.5, where more low-degree numbers for are also given. 



Theorem 1.1 Let n2^d denote the number of genus-two degree-d curves that pass through 3d- 
points in general position in P^ and have a fixed generic complex structure. With nrf = norf, 



n2,d = 3{d^ - l)nd + 



1 



E 

i+d2=d 



d\dl + 28 



16 



Mid2 



1 



3d 



3d- 
3di 



did2ndind2 



d 


1 


2 


3 


4 


5 


6 


7 


n24 











14,400 


6,350,400 


3,931,128,000 


3,718,909,209,600 



Theorem 1.2 If d is a positive integer and ^ is a tuple of p points and q lines in general position 
in P^ with 2p+q = 4d-3, 

2n2,d{li) = RT2,d{-,f^)-CR{ij), 

where CR{^) is the sum of the intersection numbers of explicit tautological classes in the space of 
stable rational maps into P^. 



degree 


4 


5 


6 


(p>q) 


(3,7) 


(2,9) 


(1,11) 


(8,1) 


(0,17) 


(10,1) 




14,400 


307,200 


4,748,160 


9,600 


7,494,574,433,280 


1,301,760 



Intersection numbers of tautological classes are 



A formula for CR{fi) is given in Theorem 5.28. 
shown to be computable in | 

lines of that in |||], which is slightly different from the method of |P2]; see Subsection 5.7 . 



In fact, we give a method of computing these numbers along the 
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The numbers we obtain in the n = 2 case are different from the numbers given in [ [KQR |. However, 
our numbers can be recovered via the approach of |KQR|| . In particular, 

n2,d = 6(n^f ^ + Td), 

where Td is the number of degree-d tacnodal rational curves passing through {3d — 2) points in 
general position in P^. The factor of six is a minor omission on the authors' part. The contribu- 
tion of 6rrf arises from a three-component strata |KQR| rule out by Remark 3.12, which is stated 



without a proof. Details can be found in fZ^j . 



This paper combines the topological tools of Section with the explicit analytic structure theorems 



of [Zl|. Together these give a general framework that will hopefully provide a way of computing 
positive-genus enumerative invariants from the symplectic ones in any homogeneous Kahler man- 
ifold. In fact, the methods of this paper should also apply, with very little change, at least up to 
genus-seven in P^, to the g = 3 case P^, and to the g = 2 case in P"^. Along the way, we enumerate 
cuspidal rational curves in P^ and two-component rational curves connected at a tacnode in P^; see 



Lemmas 5.4 and 5.5. Analogous methods can be used to enumerate rational curves with higher- 



order singularities in any projective space or, perhaps, even in any homogeneous Kahler manifold. 

The author is grateful to T. Mrowka for pointing out the paper [|| and many useful discussions, 
and G. Tian for first introducing him to Gromov's symplectic invariants. The author also thanks 
R. Vakil for sharing some of his expertise in enumerative algebraic geometry, and A. J. de Jong 
and J. Starr for help with understanding pCQR |. 



1.2 Summary 

If z.'Gr(SxP'^; A°'i7r|,r*S 7rJ„TP"), let Als,^,^ denote the set of all smooth maps u from S to 
P" of degree d such that du\z = i^\(z,u{z)) for all zSS. If fi is as above, put 

Ms,u,d{tJ') = {{yi,... ,yN]u): u£MT:,u,d; y^eS, u{yi)£fj.i Vz = l,... ,N}. 

For a generic v, M.T.,u,d is a smooth finite-dimensional oriented manifold, and MT.,v,d[f^) is a zero- 
dimensional finite submanifold of M.Y,,u,d ^ , whose cardinality (with sign) depends only the 
homology classes of //i, . . . , //at; see [RT|. The symplectic invariant RTg^d(; ^) is the signed cardi- 



nality of the set M.T.,v,d{^J)■ 

If lli^illco — >0 and {y.,Ui) & M^.^Vi^dip)-, then a subsequence of {{y^,Ui)}'^i must converge in the 
Gromov topology to one of the following: 

(1) an element of Tis^ifJ'); 

(2) (St) y, u), where St is a bubble tree of S'^'s attached to E with marked points yi, ■ ■ ■ , yN, and 
u : St — '■P" is a holomorphic map such that u{yi) S /Uj for « = !,... ,N, and 

(2a) u\TiT is simple and the tree contains at least one S"^; 
(2b) u\T,T is multi-covered; 

(2c) u\T,T is constant and the tree contains at least one 5^. 



By Proposition 6.6, the case (2a) does not occur if the constraints are in general position. Fur- 
thermore, if (7 = 2, (2b) cannot occur either if n = 2, 3 or if n = 4 and d^2. It is well-known that 
'T'2,2(m) = 0) s-iid thus the case n = 4 and g = d=2 presents no interest. Our approach will be to take 
t very small and to count the number of elements of MT,,tu,d{f^) that lie near the maps of type (2c). 
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The rest of the elements of A^s,ti/,(i(M) must he near the space Ti.Y.^dilj)- By Proposition ?? in |Z1] 
and Corollary |6.5| , there is a one-to-one correspondence between the elements of Ti^^di^J') ^^'^ the 
nearby elements of M.E,tu,dilJ'), at least if d>3. If d = l,2, 'HT,,d{p) = ^'-, see the proof of Proposi- 



tion 6.6. Thus, we are able to compute the cardinality of Ti-E^dil-i') by computing the total number 
of elements of M.T.,ti>4[lji) that lie near the maps of type (2c). 



In Subsection 1.3, we summarize our notation for spaces of bubble maps and vector bundle over 
them. For details, the reader is referred to [^l| . In Section ^, we describe an obstruction-bundle 



setup and state Theorem 2^, which relates the elements of ■M.T.,d,tv{lj) lying near the maps of 
type (2c) to the zero set of a map between two bundles. We also describe the local structure of 
certain spaces of stable rational maps. These spaces are very familiar in algebraic geometry, but 
for our computations in Section ^ we need the analytic estimate of Theorem 2.8. 



In Section H, we use the topological tools of Subsection 3.1 to show that the number of zeros 



of the maps of Theorem |2.7| is the same the number of zeros of explicit affine maps between 
vector bundles over cartesian products of spaces of rational maps with Ti^ . The results of this 
simplification are summarized in Subsection O. In Section |5[ we relate the zeros of these affine 
maps to the intersection numbers of spaces of stable rational maps into P"". We use Theorem 
and Section m for /om/ excess-intersection type of computations. If n = 2, most excess contributions 
arise from points, and we could instead use Theorem |2.8| to construct blowups around such points. 
If n = 3, Theorem 2.5 does not provide enough justification for such a blowup construction, since 
many excess contributions arise from positive-dimensional compact manifolds. We conclude our 
computations with the very explicit formula of Theorem 1.1 in the n = 2 case and a somewhat less 
explicit one of Theorem ^.28 in the n = 3 case. 



1.3 Notation 

In this subsection, we give a brief description of the most important notation used in this paper. 
See Section ?? in [Zl| for more details. 

Let qN,Qs ■ C — > 5^ C be the stereographic projections mapping the origin in C to the north 
and south poles, respectively. Explicitly, 



qN{z) 



2z 



1 - \z\' 



1 + |z|2' 1 + \z\ 



e Cxi 



QS 



2z 



-l + \z\ 



+ UP' l + \z\ 



(1.3) 



We denote the south pole of 5^, i.e. the point (0, 0, — 1) G M^, by oo. Let 



(0, 0, 1) = dqs 



d_ 

o\ds 



(1.4) 



where we write z = s + it £ C. We identify C with S"^ — {oo} via the map g^v- 



If N is any nonnegative integer, let [N] = {1, . . . ,N}. If Ii and I2 are two sets, we denote the 
disjoint union of Ii and I2 by Ii+l2- 

Definition 1.3 A finite partially ordered set I is a linearly ordered set if for all ii,i2,h€l such 
that ii,i2<h, either ii<i2 or i2<ii. 
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A linearly ordered set I is a rooted tree if I has a unique minimal element, i. e. there exists G / 
such that 0<i for all i&I. 

If / is a linearly ordered set, let / be the subset of the non-minimal elements of I. For every 
h ^ I, denote by i/j G / the largest clement of / which is smaller than h. We call l : I — > / the 
attaching map of /. Suppose / = \_\ Ik is the splitting of / into rooted trees such that k is the 

keK 

minimal element of Ik. If 10/, we define the linearly ordered set to be the set I+l with all 

partial-order relations of I along with the relations 

A: < i, i < /i if hGlk- 

If / is a rooted tree, we write I+l for 

If S = Tt OT S = S'^ and M is a finite set, a ¥^-valued bubble map with M-marked points is a tuple 

b = {S,M,r,x, {j,y),u), 
where / is a linearly ordered set, and 

x:i — >SUS^, j:M — >I, y: M — ^5U5^ and u: I — ^C°°(5;P") U C°°(52;P") 
are maps such that 

js^-{oo}, ifih&I; ^js^-{oo}, -djiGl; /C~(52;P«), ifiG/; 

\S, iith^I, \S, iiji^I, 1C-(5;P"), if^^J, 



and Uh{oo) = Ucf^{xh) for all /iG/. We associate such a tuple with Riemann surface 

'{i}xS^, if iei; 
{i}xS, ifi^i, 



(U^m)/~' where T,h^i = < ' and (/i,oo) ~ V/iG/, 



with marked points {ji,yi) G ^bjp and continuous map : S;, — ^ P", given by "UblSf, j = Uj for 
all fG/. We require that all the singular points of S5, i.e. {ih,Xfi) G '^b,ih h I, and all the 
marked points be distinct. In addition, if S5^j = S'^ and Uj* [S*^] = 0G i/2(P"'; then Sfe^j must con- 
tain at least two singular and/or marked points of other than (i, 00). Two bubble maps b and b' 
are equivalent if there exists a homeomorphism (j): Tif, — ^ S^' such that Ub = Ub'0 (f), (f)(^ji ,yi) = {j[ , y'l ) 
for all leM, <^|s(,i is holomorphic for all iel, and (f)\-s^.=Id if S = T, and iel—I. 

The general structure of bubble maps is described by tuples T = (5, M, /; j, d) , with G Z describing 
the degree of the map ui, on E;, We call such tuples bubble types. Bubble type T is simple if I is 
a rooted tree; T is is basic if 1 = 0; T is semiprimitive if tft^/ for all HE I. We call semiprimitive 
bubble type T primitive if ji G / for all ji G M. The above equivalence relation on the set of bubble 
maps induces an equivalence relation on the set of bubble types. For each h,i&I, let 

DiT = {hei:i<h}, DiT = DiTu{i}, HiT = {hel : Lh = i}, MiT = {leM : ji=i}, 

'0, if \fie I s.t. he D,T,d, = 0; 
Xrh = I 1, ifd/iT^O, butViG/s.t. heDiT,di = 0- 
^ 2, otherwise. 
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Let Hr denote the space of all holomorphic bubble maps with structure T. 



If S = 'S, we denote by Air the set of equivalence classes of bubble maps in Ht- Then there exists 
M^"* CHt such that Mr is the quotient of 7W^^ by an (S'^)^xAut(T)-action. If the group Aut(T) 

is trivial, corresponding to this action, we obtain |/| line orbi-bundlcs {L/jT — > A4q- '■ hEl}. If 
Aut(T) is not trivial, the fiber product and the direct sum of the bundles LhT taken over any orbit 
of the Aut(T) are well-defined. The bundle of gluing parameters in this case is 

FT = ^F,T, where ^^,[6]^ = /''^l - ^ ^ 

Let F^T = {v = {vh)f^^i eFT : Vh^^O^he 1}. Each line orbi-bundle F^T — s- Mr is the quo- 
tient of a line bundle F^V — ^ by a Gr = (Si)^~xAut(r)-action. We denote by F^T the 

preimage of F^T in F(o)r = F^ V. The bundles F^T, F^^^T, and F^°V are defined even if 

hei 

the automorphism group of T is nontrivial. 

For each bubble type T = (5^, M, I -J, d), let 

Ut = {[b]- b={S^,M,I;x,{j,y),u) EHt, Un(oo) = ^,2(00) \/ii,i2eI-l}. 

Similarly to the 5* = S case above, Ur is the quotient of a subset B-r of TLr by a Gr = (>S'^)^ x Aut(T)- 
action. Denote by U^'' the quotient of Br by 

Gr = (5^)^xAut(r) c Gt. 

Then Ut is the quotient of the residual G^- = {S^y~^ C Gr action. Corresponding to these 
quotients, we obtain line orbi-bundles {L^T — > : h E 1} and {LiT — >■ Ut : z G /} if the 
automorphism group of T is trivial. Let 



FT = ^FhT ^U^\ where F^^^^^T 
hei 

jrT = ^ThT ^Ur, where ^^,[1]^ = Lf,^[b]r ® L^^^^T . 
hei 

The orbi-bundles F^T and J^iT are quotients of line bundles over Br similarly to the S = T, case. 

Gromov topology on the space of equivalence classes of bubble maps induces a partial ordering on 
the set of bubble types and their equivalence classes such that the spaces 



Mr= [j Mr', = |J Ur = [j Ur' 



iP = U up 

r'<T T'<T T'<T 



are compact and Hausdorff. The G^-action on uP extends to an action on U^ , and thus line 
orbi-bundles Lr,i — > Ur with iEl—I extend over Ur- The evaluation maps 

ev,:7^r^P", eYi{{S,M,I;x,{j,y),u)) =Uj,{yi), 
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descend to all the quotients and induce continuous maps on Mr, Ur, and If = IS an 

M-tuple of submanifolds of P", let 

Mrifi) = {b£Mr:evi{b)eni yi€M} 

and define spaces UrifJ-), UrifJ-), etc. in a similar way. If S" = S"^, we define another evaluation map, 

ev:^r^F" by eY{{S^,M,I;x,{j,y),u)) = U(,{^), 

where is any minimal element of /. This map descends to u!^^ and Ui- If /i = /^q+m ^ tuple 
of constraints, let 

and define U^\^q; [^m), etc. similarly. If = S, T is a simple bubble type, and = 0, define 

ev:Wr^P" by ev((S, M, /; x, (j, y), u)) = tXo(S). 
This map is well-defined, since Uq is a degree-zero holomorphic map and thus is constant. 

If T is any bubble type, let (T) be the basic bubble such that T < (T) . If T is a simple bubble type, 
let T be the bubble type obtained from T by dropping the minimal element from the indexing 
set / and the subset M^T from M. Note that if T is primitive, T is basic. 

Finally, if X is any space, F — >X a normed vector bundle, and 5: X — >M is any function, let 

Fs = {{b,v)eF:\v\b<6{b)}. 

Similarly, if is a subset of F, let = Fg f] Q. If t; = (6, v) G F, denote by by the image of v 
under the bundle projection map, i.e. b in this case. 

2 Analysis 

2.1 The Basic Setup 

In this section, we focus on bubble types T= (5, M, I; j, d) such that either 3 = 3"^ or (1^ = 0. In 
the first case, we describe a small neighborhood oiUrifJ-) in lA(j\^{^) and the behavior of sections 
of certain bundles over U(j^{ijl) near Ur{l^)'-, see Theorem |2^. This theorem is deduced from The- 



orem ?? in |Z1]. If T is a simple bubble type, 5 = 2, and = 0, we describe the elements of 



M.Y.,tu,d{^J) lying near Mrilj) as the zero set of a map defined on an open subset of the bundle FT\ 



see Theorem 2.7. The map takes values in a bundle over which is the analogue of Taubes's 

obstruction bundle of |^ in this setting. Theorem |2.7| is a consequence of Theorem ?? in |Z1], 
which requires us to make two major choices. This is done in the next two subsections. 

If r = (5, M, /; j, d) and 3 = 3'^,hy Corollaries U and U, T is a (P", J)-regular bubble type in 
the sense of Definition ?? in |Z1|. This regularity property implies that 
(Rl) Tiq- is a smooth manifold; 

(R2) for any b = (5, M, /; x, (j, y),d) ^Ht, a neighborhood of b in Ht, is modeled on 

h&I l£M 
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(R3) Db-. T{h) — ^r°'i(6) is surjective for all h^Ur- 

Here V^'^^ih) denotes the space of ii^TP"-valued (0, l)-forms on the components of S^, while T{h) 
is the set of vector fields on the components of Sf, that agree at the nodes and such that 
.^(zi, oo) = ^(^2, oo) for all ii,i2£l—I- The operator Df, is the linearization of the 3-operator with 
respect to a connection in TP". Along TC-£, it is independent of the choice of the connection. On 
the other hand, if T is a simple bubble type, S = T,, and (1^ = 0, by the same two corollaries, T is 



a (P", J)-semiregular bubble type in the sense of Definition ?? in |Z1]. This means that (Rl) and 
(R2) are satisfied, with r(6) defined as above but omitting the last condition. Property (R3) is not 
satisfied, and in fact by the two corollaries, 

coker « 7;^(fe)IP" V6 G Hr, 

where Ti^^ is the space of harmonic (0, l)-forms on S. This cokernel bundle descends to a bundle 
— >AiT, which will be our obstruction bundle. 



If 5 = $], for the gluing construction in |Z1], we choose a smooth family {g^Q- b€z7iT} of metrics 
on S such that for all 

6= (S,M,I;x,(j,y),n) G Wr, 

the metric g^^ is flat on a neighborhood of Xf^ in S for all /i S / such that i/i = 0. This family of 
metrics, in fact, depends only on the sets {xh ■ = 0}. Along with the standard metric on S^, 
the metric gj^^ induces a Riemannian metric gt = {gb,i)iei on = |J S^^j. If S = S'^, we take gb,i 

to be the standard metric on S^^j = S'^ for all With notation as above, if x^, 2; G g = S, let 
rb,h{z)=dg^ .^{xh,z). U Xh,z£T,b,i = S'^ and let rb^hiz) = \z-Xh\- 



For each v= (6, Vh)^^j G F^^^T sufficiently small, in [Zl| we then define a complex curve ^tj, smooth, 
maps '. S-Li — ^ and civ^i • q — ^ I and Riemannian metric on S on such that 
(Gl) the linearly ordered set corresponding to $]„ is I{v) = I—{h£ I : Vh^^O}; 
(G2) the map n factors through each of the maps civ,i') 

(G3) q^: — >{T,b,gb) is an isometry (and thus holomorphic) outside of the annuli 



Kh = 1v}A{z(^^b,,^- \vh\^ <rb,hiz) < 2\vh\2 



(2.1) 



(G4) q^^,^: {A^f^,g^) — > {q^^,^{A^f^), gb) is an isometry. 

The map q^ collapses disjoint circles on Yj^ and identifies the resulting surfaces with *5* in a manner 
encoded by v. Alternatively, (S^,, ^i,) can be viewed as the surface obtained by smoothing (some of) 
the nodes of Sf,. The maps q^ and q^^i are constructed explicitly by fixing a smooth bump function 
P-.R — >[0, 1] such that 

/?(i) = |°' """"^ /3'(t)>0 iftG(l,2). (2.2) 

If r > 0, let /?rGC°^(M;M) be given by pr{t) = P{r-h). Note that 

supp(/3,) = [r5,2r5], ||/3;||co < C^r's, emd \\(3';\\co < Cf3r~\ (2.3) 
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These cutoff functions will not appear in the main statements of this paper, but they do show up 



in the proofs of Lemma |2.1| , Theorem |2.8| , and Proposition 4.4. Having constructed the maps q^,, 
we let b{v) = (E„,«^,) = o The marked points on T,^ are the preimages of the marked 

points of Sf, under the map q^- 

We also need to choose a smooth family {g^n f, : b G -M^^} of metrics on invariant under the 
equivalence relation on M.^^ if S'=S and on Br if S = S'^. While taking fifpn^j, to be the standard 
metric on P" may be the canonical choice, for computational reasons it is more convenient to take 
gp",b = gF",ev(b), where {g¥",q- geP"} is the family of metrics of Lemma |2]^. 

Lemma 2.1 There exist r^n > and a smooth family of Kahler metrics {gw^^q ■ g € P"} on P" 
with the following property. If Bq{q' ,r)c¥" denotes the gfn^q- geodesic hall about q' of radius r, the 
triple {Bq{q,rpn), J,gr>n^q) is isomorphic to a ball in C" for all gGP". 

Proof: On the open set Uq = {[Xq : . . . : X„] G P" : Xq / 0}, the Fubini-Study symplectic form is 
given by 

= ^^^H^ + /o), where fo{[Xo : . . . : = ^ \Xk/Xo\^; (2.4) 

ke[n] 

see jCg, p31]. Let g = [1 : : . . . : 0]. Set 

uJFr^,q,e = ^dd{fo + {p,2 o /o)(ln(l + /o) - /o)}. (2.5) 

Note that wpn^g^e agrees with wpn outside of the set {/o < 2e} and with the standard symplectic 
form uj£n on {/q < e}. Here we view as a form on Uq via the coordinates ZQ^i = Xi/XQ, iG [n]. 
In particular, wpn^g^e is globally defined, and the corresponding Riemannian metric on {/o < e} is 
flat. Furthermore, 

t^P",g,e ={(1 - /3e2 o /o)wc" + {Pe^ ° /o)^P"} 

+ ^{{diPe^ ° fo)){dfo) - {d{P,2 o /o))(9/o) + {dd{f3,2 o /o))/o}, ^^'^^ 
where /o = ln(l + /o) — /q. On the set {/o < 2e} with e < ^, 



|/o|Lo<Ce2 and ||<i/o|Lo < ^e^, (2.7) 



where ||(i/o||j^o denotes the C'^-norm with respect to the standard metric on C". Furthermore, 
by 

\\diPe^°fo)\\co<Ce-'e-^, \\V\p,2 o fo)\\^, < C {e-^h'^ + e-') , (2.8) 

where again all the norms are computed with respect to the standard metric on C". Equations 
( |2.7D and ( ^ ) imply that the term on the second line of (|2.6|) tends to as e goes 0. Thus by 
( |2.6[ ), we can choose e > such that wpn ^ = a;pn is a symplectic form on all of P". Note that 
(jpn^g is invariant under the action of the stabilizer of q in SUn+i, which is the subgroup 



StahpiSUn+l) = I ( "^""q^^^ ^y.heUn^C SUn+1. 
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We can define a smooth family of symplectic Kahler forms on P"" by 

The above invariance property of wpn^g insures that wp",g.g depends only on g ■ q. We can now take 
9F",g-q to be the metric corresponding to the symplectic form ujpn^g.g and the standard complex 
structure J on P". 



We denote by expj, and Ilb,x for X £ TP" the ^pn ;,-exponential map and gpn i^-paisdlel transport 
along the ypn ^-geodesic for X, respectively. If v€F^'^^T, let 

g¥",v = gF",b^, exp„ = expfe^, Uy^x = 'n.b^,x- 

If f G F^^^ is sufficiently small, we define L^-norms inner-products on 

T{v) = r{b{v)) and T^^^v) = r^^\b{v)) 

via the metrics gpn^^ and in the usual way. Denote by Dy the linearization of the 9-operator with 
respect to the metric gp^^v on P" and by D* its formal adjoint with respect to the above {L'^,v) 
inner-product. We fixp>2 and denote by || • \\v,p,i and || • ||„^p the modified Sobolev {L^, gw^-^v, 9v) 
and (LP, (7pn_„, g„) norms of [LT| on T(v) and T^'^(v), respectively. Let L^{v) and LP{v) be the 



corresponding completions. A description of the modified Sobolev norms in the notation of this 
paper can be found in They are needed only for certain technical aspects of this paper. 



2.2 Obstruction Bundle 

In this subsection, in the case S'=S, we choose an obstruction bundle over F^^'^Ts in the sense of 
Definition ?? in [|l| with 5eC°°(7Wr;K+) sufficiently smah. 

Let 5rGC°°(7Wr;M+) such that 

A8r{h)\\dui\\b^c^ Krpr. yb = {j:,M,I;x,{j,y),u) gMt, i(^L 

We assume that the above function 5 is such that 852<St- For all v £ F^^'^Ts and Xil) G Te^^b^-^^^^TL^^, 
define R^Xtp E T^'^{ui,) as follows. If z G S^, = S is such that qv{z) G for some /i S / with 

XTh = l and < 26r{bv), by our assumption on 6t, we can define ^^(z) G Tg^^^^-jP" by 

exp„,ev(fe„) Uv{z) = u.o{z), \Uv{z)\ < rpn. 
Given zGS, let /i^ G/ be such that G S^^^/j^. If wGT^S, put 

r 0, if xrh, = 2; 

RaXtpl^.w = < p{6r{by)\qvz\){ij\zw)Uy^u^(^)X, if xrh^ = 1; 

[{^\zw)X, iixrhz = 0. 

Let r^_l^{v) be the image of T^^f^b^,)^"' ® TL^^ under the map Rv Denote by vr^'i the {L'^,v)- 
orthogonal projection of LP{v) onto T^_l^{v). 
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The spaces r^'^(u) form our obstruction bundle over F^^^T. We need to show that these spaces 
satisfy the requirements of Definition ??. First, the rate of change of 7r|J'?_ with respect to changes 
in V should be controlled by a function of by only. The proof of this is similar to the proof of 
the second statement of (5) of Lemma ?? in The next lemma implies that the remaining 

conditions are also satisfied. For any /iG/, put 

I'^u = n 

Lemma 2.2 For any v £ F'^'^^Ts and X-0GTg^(^^')P"0'H^'^, D*RyXip vanishes outside of the annuli 
with h£l such that XTh = l. Furthermore, there exists Cg C°°(7W7-; such that 



(1) WDlRyXi^Wy^co <C{by)[ Z \v\h]\XUtp\\2; 

(2) (l-C(6,)-l|^;|i)||XV'||^,,p< p.XV'Ik.p < (l + C(6„)- Vl ^) ll^V'Ik.p, where p = 2,p. 

Proof: The first statement and estimate (2) are immediate from the definition of R^Xip and of 
the norms; see Let {s,t) be the conformal coordinates on A^^h given by qv{s,t) = s + it £ C 

Write 5„ = e-'^{s, t){ds'^ + dt"^). Then 

= 1(1 + ^2 + ^2). (2.9) 

Put 

as,t) = {RyXi^j^^^^^ds = P{dr{by)v^^^){i^\(^s,t)ds)llv,uAs,t)X. (2.10) 



DlRyX^PU = 6^( -^C + J^A], (2.11) 



Then by fMS^ p29], 

D*R...Xib\-. =f)'^(- , „ 

ds dt 

where ^ and ^ denote covariant differentiation with respect to the metric gj'n^^ on P". Since this 
metric is flat on the support of ^ and ip^Tl'^^, equations (p^)-( |2?Tl ) give 



DlR^Xi^U = ^^^4^{^''^r(^.)vWF^r(6.)^4=|}(V'l{.,)5.)n„,.4.,)X (2.12) 



Since the right hand-side of ( |2.12| ) vanishes unless Sq-^by) ^ < + < 2S'r{bv) ^, it follows that 

iDlRyXi^l^ < C{by)\i;\^,^t)ds\\X\y < C'{by)\v\h\m2\X\ (2.13) 



Claim (1) follows from (2.13). 



Let Ry : Tf,y(^^)P"' — >r_ {v) be the adjoint of ^, i.e. 

{{RyXi^,RyX'ij'))^^^ = = {X,X')bJiP,i^')2 (2.14) 

0,1 



for all X,X'Gre^(f,^)P" and ip,ip'en/. By Lemma IJ, \\Ry - Ry\\2 < C{by)\v\. 
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2.3 Tangent-Bundle Model 



We now describe our choice for a tangent-bundle model, which is the subject of Definition ?? in [Zl]. 

For any v G F(o)T sufficiently small and ^ G r(5„), define R^^eL^^iv) by = ^{qv{z)). 

Let r_(t;) be the image of ker(L)fe^) under the map Ry. Denote by r_|_(u) its (L^, t;)-orthogonal 
complement in L\{v). Let 7r„_-|- be the (L^, t;)-orthogonal projection onto r-|-(i;). 

If X G S, let (^) = "^E^ '■ = 0}- This is a codimension-one subspace of Ti!^ for all x G S; 
see [ GH |. Denote by TL^{x) its L^-orthogonal complement. The space Hy;{x) is independent of the 
choice of a Kahler metric on (S,^^)- For any G /, we put Xh{v) = qv,l^{i-h,Xh)- Fix h* ^ I such 
that xr/i* = 1- Let 

f_(t;) = DlR^{n+{xh*iv)) re,(fc„)P"). 

Denote by f+(f) the (L^, t;)-orthogonal complement of f_(f) in L^{v) and by 7ty^± the {L'^,gy)- 
orthogonal projections onto r-|-(f). Let r-('y) be the (L'^, t')-orthogonal complement of r+(r;) = 
7f„,4.(r+(u)) in L\{u^). 

The spaces r_(f) will be our tangent-space model. We need to check that the requirements of 
Definition ?? are satisfied. Let 

{/iG/: xr{h) = l} = {hi = h*,h2,... ,hm}. 

If zeY^b^hr is such that < 2(5(6), define Uhri^) G rev(fe)P"' by 

expfe,ev(6) %,-(^) = Uh.iz), \uhr{z)\b < ripn. 
If XGre,(f,)P", define gF^J by 

'O, if \z\ > 2(5r(6)"^ 

^'l5r(fe)kl^^T^^^'"'^.(-)^' otlierwise. 



Since R}j^h^X vanishes at all the nodes of Sf, by assumption on Sr, we can extend R^^h^X by zero 
to an element of r(6). If c = c^m\ gC'*"! is different from zero, let 

f_(6;c) = {Y. ^rRb,h.X: XGr,,(fe)P"}. 

rS[»n] 

Denote by f c) the (L^, 6)-orthogonal complement of f c) in F(6). Let 7f(b.c)^± be the corre- 
sponding (L^ , 6)-orthogonal projection maps. Let r+(fe;c) = ■7f(^^c)__,_(r+(6)) and let r_(6;c) be its 
(5, L^)-orthogonal complement. 

Lemma 2.3 T/iere exist 5, Cg C°°(A4^^M+) swc/i that for all v e F^'^^Ts and ^Gr_(t>), 

iicii.,p,i<c(6„)iieii„,2. 

In addition, dime f_(f) = dime f_ (6„; c) =n /or ani/ non2:ero cGC™. Furthermore, ifvk — >6gA4^^ 
anc? .^A; G r_ (t;) is such that \\ik\\v,^,2 = 1, i^en i/iere existe a nonzero cGC" and G r_(6; c) mi/i 
ll^l|fe,2 = l such that a subsequence o/{^fc} -converges to ^. 
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Remark: The last statement means that a subsequence of {^k} C^-converges to ^ on compact 
subsets of and the norms ||Cfc||t;j.,p,i are uniformly bounded; see Definition ?? in 

Proof: (1) Let iphe a generator of W^' + (v)) ■ If -'^ £T'ev(fe„)IP" aiid ^ £ ["t-]) define R^^^^X G r(n„) 
as follows. If qy{z) G Sb^,^^, let 



Rv,hrX{z) = ( X] ° ^^)^' 

r£[m] 



1 (1 + 

\qvz\ 



Note that the sum is not zero, since '4'\xh^(v)¥^^- If 1v{z)^^b^,hr-, we let = 0. Since the 

modified Sobolev norms are equivalent to the standard ones away from the thin necks of 



reM (2.15) 

< C {by)\\Ry^hrX\\v,2■ 



BY Lemma if ^ G ^-{'^), 

^ = RyX = ^ Ry^hr^J 

rS[m] 



for some XGTgv(b^)P". Thus, the first two statements of the lemma follow from ( 2.15 ). 

(2) If ffc — >b and ^fc = i?„XfcGr_(t;fc) is such that ||Cfc||ufc,2 = !> then it is immediate from (1) that 

a subsequence of C'^-converges to Yl CrRb^hr^^ where 

re[m] 

X= lim Xfc, = lim \'4'xr(v)d{qZX^.o qN)ds{) {i^xr{v)d{qZXr ° ^N)ds) ■ (2.16) 

rG [m] 

The two limits in ( 2.16| ) exist after passing to a subsequence of the original sequence. This proves 
the last statement of the lemma. 

Lemma 2.4 There exist 5,C £C°°{mP such that for allveF^'^'^Ts and ^ef^{v), 

iicii.,p,i<c(6„)iieii„,2. 

Proof: Let F (_(f) be the (t;, L^)-orthogonal complement of 7r„^_ (r„ (u)) in T^{v). Then 

f-{v) = T-+iv)ef-{v). 

Since this decomposition is (L'^, f)-orthogonal, we can assume that either ^GF ^.{v) or ^£T_{v). 

In the first case, the statement is obvious, since F |_(f) C F_(f). The second case is proved in 

Lemma ^.3l 



Corollary 2.5 Suppose Vk^ F^'^^Ts and Vk — >beMp. If Uv^A 

is an (L^ ,v)-orthonormal basis 

forV^ivk), then there exists a nonzero cGC™ and an {L? ,b)-orthonormal basis {6.b,l} forT-{b;c) 
such that after passing to a subsequence ^Vk,l -converges to ^b,l for all I. 
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Proof: If ^k,i £ f_(t;yfc), by Lemma a subsequence of {Ck,i} C°-converges to an element of 
^;Gr_(6;c) for some nonzero cGC" dependent on the sequence {v^}- Furthermore, orthonormal 

pairs of such elements C'^-converge to an orthonormal pair in f _ (6). If £ f \-{vk) C r_ (vk), then 

by definition of r__(ffc), a subsequence of {Ck,i} C^-converge to an element ^/Gr_(6), which must 
be orthogonal to r_(6;c); see Lemma ?? in Thus, a subsequence of {{Cfc.z}} C^-converges to 
an orthonormal set of vectors in r_(6), which implies that dimcr_(6;c) > dimcr_(t;fc). However, 

dimcr_(6;c) = dimcr_+(6;c) +dimcf_(6;c) 

= dimcr_(6) + (dime r_(6; c) - dime vr;, _r_ (6; c)) ; 

dimcf_(t;fc) = dimcr_+(i;fc) + dimcr_(t;fc) 

= dimcT_{vk) + (dimcf_(t;fc) - dime vr^^^ _r_(i;fc)) , 

where T ^{b;c) denotes the (L^, 6)-complement of 7r;,^_f _ (6; c) in r_(6). Since r_(ffc) and r_(6) 

have the same dimension, in order to conclude the proof, it is sufficient to show that 

TTb „ : f _ (6; c) — > r_ (6; c) 



is an isomorphism; Lemma 2.t. 

Lemma 2.6 There exists C eC°°{MP such that for all b e mP , nonzeroceV, and CGf_(6;c) 

||el|6,2<C(6^)IK6,-e||6,2. 

Proof: Let X £ Tcyi-^jP". Outside of oo G '^b,hrj by the same computation as in the proof of 
Lemma |2.2|, Rh = Df, RhhX, where we define Rh hX £r'^'^(uh) as follows. Let dz denote 
the usual (0, l)-form on C. Then 

6r{b)RbXl = 4(3{6r{b)\q],H^)\){QN*dz)U,^u,^^,)X. 

Thus, if ^ = ^jGkeT Di, and 26 < 5r{b)-, by integration by parts, 

{{i,R,^j,X)), = {{ih,.Dl R,^hX)), 



= 2i5r{bY^ 

\q-\x)\=5-^ 

since ihr = 0- Using the change of variables with x = q^iw'^), we obtain 



'\ihr\qj,{w-i),^b,Uh^{qM{w-^))^)h-o 



(2.17) 



{ihr{x),^b,un,{x)X)bqN*dz = - 



dw 



^ (4. I {^) , ^b,u,,^ {qs{z))X)b 



X) 



(2.18) 



ti;=0 



2=0 



-2vri( ^(C/i, o qs] 



2 = 



= -27ri— (4 

since Di,^Uh^^hr=0- It follows from (|2.17| ) and (|2.18|) that for any ^ = ^[m] Gker(Dfe), 

..xV 



rg[m] 



2=0 



(2.19) 
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Along with Corollary |6.3|, equations (2.19) gives 



■ ^ ■ 6,2 



I sup 

5[Mjeker(Di,),|l?[„j|l=l 



D 

ds 



i^K, o qs) 



z=0 I b 



> C'{b)\Cr*\\X\ > C"{b)\\ CrRb,KX 

r£[m] 



(2.20) 



6,2 



where r* G [m] is such that \cr* \ =supj, \cr\- Since the right-hand side of ( 2.20 ) must be a continuous 
function of b, the claim follows. 



The statement of Corollary 2.5 is precisely Condition (1) of Definition ??. The other two conditions 
require that the rate of change of the (L^, i;)-orthogonal projection onto r-(w) be controlled by a 
function of 6„ only. This is a consequence of the convergence described in the Corollary i.e. we 



can use the same argument as described in the remark following Lemma ?? in |Z1], but with r_(6) 
replaced by the appropriate space r_(6;c) (depending on v). 



2.4 Structure Theorem, 5* = E 

If T = (S, [N], r,j, d) is a simple bubble type and // is an A^-tuple of complex submanifolds of 
such that the evaluation map, 



ev 



[N] 



evi X ... X evAT : M.q- 



j,n\N 



is transversal to fiix . . .x fi^, AiTif^) is a complex submanifold of Mq-- Let N^T be its normal 
bundle. If 5 is a complex submanifold of M, denote its normal bundle by MS and an identification 
of small neighborhoods of S in J\fS and in Mq- by (pg. For any complex vector bundle V — >A^T) 
we denote by an identification of (ff^V and tt^^I/ such that its restriction to the fibers over S 
is the identity. We assume that preserves 

p%j- ^ pq-^ Let 
F'^S = {{b,n,v)eMS ®FS: {b,v)eF'^T}. 

If ev[jv]|5 is transversal to ^ui x . . . x S{fj,) =Sr\ AirifJ-) is a complex submanifold of S with 
normal bundle M^T. Let 0^ and be the analogues of (j)s and for the bundle M^T — >S{fi). 
We assume the bundle M^T is normed. We call the pair ($5,$^) a regularization of S{n) if it 
satisfies a certain minor compatibility condition. For the purposes of this paper, it suffices to say 



that once is chosen, it is a condition on <I>^|FT; see Subsection ?? in |Z1] for details. However, 
the exact nature of ^^\FT is irrelevant for our computational purposes. Finally, we denote by 
C'^.j^^{Ti; n) the space of all bubble maps (T,,[N],I;x,{j,y),u) such that ''^i*['^b,i]=dX, where 
A G H2{'P"'; Z) is the class of a line, and Uj^ [yi] G iii for all I € [A'"]. 



Theorem 2.7 Suppose d is a positive integer, T = (S, [A], /; j, d) is a simple bubble type with 
(iQ = and J2 di = d, S C Air is a complex submanifold, and 



is a generic section. Let fi be an N -tuple of complex submanifolds of¥^ in general position of total 
codimension 

codimcn = d{n + 1) — n{g — 1) + A. 
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and ($5,<I>^) a regularization of S{^). Then for every precompact open subset K of S{^), there 
exist a neighborhood Uk of K in ^) and 5,e,C > with the following property. For every 

tG{0,e), there exist a section 

ip'^s^tu 6 V{F^Ss\K-^*Fs^^^S), with \ip^sA'')\b^ ^ C{t+\v\l), 

and a sign-preserving bijection between M.Y;,tu,d{fJ') H Uk and the zero set of the section de- 
fined by 

where Tii^ y denotes the g^n ^b-parallel transport along the gf>n ^,- geodesies from ev{b) to ev{b') when- 
ever dpu[ev{b), ev{b')) < rpn, ^„^tj,ef+(f), 



Proof: This theorem follows immediately from Theorem ?? in |Z1] applied to the obstruction 
bundle setup of Subsections |2.2| and |2.3|. The only refinement is that we drop the term fjy^tu from 



the definition of ipT,tu- This is because it vanishes on the support of the (0, l)-forms in r^_!_^[v), 
provided 5 is sufficiently small. Thus, '/r|J'i??u,ti/ = 0. 

2.5 Structure Theorem, S = S'^ 

In this subsection, we define sections T)^^'^ ^, where k£ I — I, of the bubble Ll^J^ ® ev*TP"' over 
^{T>(a*)) describe their behavior with respect to the gluing maps near each space Uript)- In 
Section ^, the number of elements of M^.^tv^dilj) lying near each space M.r{lj) will be expressed 
as the number of zeros of affine maps between certain bundles. These affine maps will involve the 
sections T^f^], ■ Their behavior near various boundary is the foundations for the local computations 



of Section [Bj. 

If b= (S'2,M,/;x, {j,y),u) £Bt, m>l, and k£l, let 



D""^ d 



{m - ly. ds""-^ ds' 



'^Tp = — —-r7;7ZT — (.Uk o qs] 



(s,t)=0 



where the covariant derivatives are taken with respect to the metric gp^^t and s-\-it € C If T* is a 
basic bubble type, the maps 'C'^l with T <T* and k£l—I induce a continuous section of ev*TP" 
over U^} and a continuous section of the bundle ^7?™ ev*TP"' over Ut*, described by 

v^^\[b, ck] = cTv^^lb, if b e uP, Ck G c. 

We will often write "D^^ instead of I^T.fc- If is simple, we will abbreviate "D^^ as T)^'^\ If 
T = (S, [N],F,j,d) is a simple bubble type and /cG/, let 'D!f^l denote the section T^^^- 
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Theorem 2.8 IfT* = {S'^,M,I*;j,d) is a basic bubble type and fj, is an M -tuple of constraints in 
general position, the spaces U^}{p) andUr*{lj) ^'"s oriented topological orbifolds. IfT<T*, there 



exist Gr* -invariant functions S,C G C°° (Uj- (fi);! 



and Gt* -equivarent continuous map 



which is an orientation-preserving homeomorphism onto an open neighborhood oflA^^ (/i) in lA^} (/i) 
and is identity onl/(!^\fi). This map is smooth on F'^Ts. Furthermore, for any 

AO) I 



[{S^MJ;x,ij,y),u),ivh),^j] G FTsU^^fi), 



E ( n ^^(d^ 



00^00 I 



<C(6.)|t.|F 



n 



where IkCl is the rooted tree containing k. 



Remark: This theorem states that there exists an identification 7^: J-Tg — >Ut*{ij,) of neighbor- 
hoods oiUj- in J^T and in U'j-*{fi). Furthermore, with appropriate identifications, 

'Dr*,kl^{v)-ar{pr{v))\<C{bM^Pr{v)\, where (2.21) 

PT{v) = {b,ivh)xTh=i) ^^T= LhT^L^T; Vh= JJ h^I - 1, h£Dz^T; 

XTh=i i&i,h&D,r 

aT{b,{vh)xTh=i) = E ^r,hVh- 

This estimate is used frequently in Section ||. Note that if T is a semiprimitive bubble type, the 
bundle !FT is defined over Ur{p)- However, !FT is not the normal bundle of hlr{p) in U(j\^{^) 
unless M^T+HqT is a two-element set; see [P2|. The theorem implies only that the restrictions of 
the normal bundle oiUrip) in U(j\^{^) and of FT to Ur{l^) are isomorphic. 

Proof: (1) All statements of this theorem, except for the analytic estimate, follow immediately 
from Theorem ?? in [Zl]. We deduce the analytic estimate from (2) of Theorem ??. Let 

^i^{v) = {S\M,I{vy,x{v),{j{v),y{v)),u^). 

By Theorem ??, there exist a holomorphic bubble map 

b'=[S^MJ-x',U,y'),u'] 

1 

such that d(jk{b,b') < C{bv)\v\p and with appropriate identifications, "u^ = exp^/ ,^^,0^^ ^ for some 

i_ 

^ sr(nft/ o q^) with ||'?||fe^c'" ^C{bv)\y\''- Thus, for the purposes of proving the analytic estimate, 

i_ 

we can assume that M„ = exp^ „^og^ ^„ for ^^T{u o q^) with ||'^«||b^c'o ^C{by)\v\p, i.e. it is enough to 
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prove the estimate for the map 7r as defined in [Zl] with T a simple bubble type. If dk 7^0, the 
claim is immediate from the usual Sobolev and elliptic estimates near {k, oo). Thus, we assume that 
(1^ = 0. For future use, we obtain equations describing the behavior of {'D^™'^ ^q- (v)^ for all m> L 
(2) We identify Sgp„ (ev(6), irp^i) with an open subset of C" via the (7pn ev(6) -parallel transport 

along the geodesies from ev(6). We assume that (5 G {U!j^^ ; M+) satisfies 

C(6)<5(6)i+5(6)^(^||(i^z,||, 



Let q: i?i(0;C) — > S'^ be the local stretching map as in Subsection ?? of [Zl| withw =1 defined 
with respect to the standard metric on C. Let = o 9 and fv = UyO q. We denote the usual 
complex coordinate on C by z. For any z £ Bi{0;C), let be such that qv{<l{z)) G If 

^ere^(fc)P" and m> 1, define /?„XV^(") ErO'i(/„) 



(m) I 



Xz^-^dz, ii xriv{z) = ^] 

l3{5{h^)\q^,{q{z))\)Xz^-Uz, if xriv{z) = 1; 
,0, \lxriv{z)=2. 



Note that if xriv{z) = ^, or = 1 and I3{5{h^)\qv{q[z))\) ^ 0, lies in 5gp„^(ev(6), irpn). 

Thus, R^Xil^^""^ is well-defined. We now compute (((9/„, in two ways and compare the 

results. First, note that the map fy is holomorphic outside of the annulus 

A(.{v) = Bi(0;C) -Bi(0;C). 



Thus, by the same computation as in the proof of Lemma O, we see that 



m 



(2.22) 



(3) Since /„ = expg^^f,) o q) and is constant on A^{v), 



/ 



B 



\dz 



{Cvoq),Xy"'-^dz Adz 



(2.23) 



Denote by Af{v) and (v) the outer and inner boundary of A^{v), respectively. For every hGl 
with XTh=l, let 

Mv) = Qv},{{z(^^b^,.,- 4.6ibyr'\vh\<\<p^^lz\<\vh\^) C 

Denote by ^/|^(f) the outer and inner boundary of Ah{v). Let w be the complex coordinate on 
CcS;,^ O""^^- Note that g is holomorphic inside oi A'^{v) and outside of g~^(j4^ (u)). Furthermore, 
since Ub and are both holomorphic, on the image of this set under q 

B_ __d_ 
ow ow 
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The last quantity vanishes outside of the annuh Ah{v). Thus by integration by parts, 
[ (-^iC^oq),x)z'^-^dzAdz 



(2.24) 



dw 



, X )gdw A dw + 



iiv,X)gdw ) , 



where g{w) =w^ . Since o g is constant on At(^v), the second boundary term is zero. Note 
that the radius of in CcS^ is bounded by C{bv)\vh\- Furthermore, \g\ <Cm{bv) on A^{v). 

It follows that 



Ja-(v) 



X)gdw 



^ ) 1 17 1 P I I . 



On the other hand, by the same computation as in the proof of Lemma 4.3, 



Ah(v) 



dw 



in — in / \ 

, X)gd., A dw = -2^ ^ (pK)^) , 



m'=l 



(2.25) 



(2.26) 



where the numbers am',hi'>j) G C are defined by 



m'-l 



m—1 



whenever yGS"^ is close to xj^. Combining equations ( |2.22| )- p.26D , we see that 

[V^^^r{v),x) -2m ^ ai^h{v)vh{duh\^eo,) <C{bMU E 



XTh=l 



Vh\ 



(2.27) 



XTh=l 



Since ai^hiu) = ('?f,th('-/i) y))"^ equation (2.27) gives the analytic estimate of the theorem. 



3 Topology 

3.1 Maps Between Vector Bundles 

In Section ^ we express the number of zeros of the maps (and ip^ for certain submani 



folds 5 of A4-r) of Theorem 2.7 in terms of the number of zeros of affine maps between the same 
vector bundles. The topological justification for this reduction are discussed in this subsection. 
Subsections 3^ and ^ are used in the explicit computations of Section |5|. For simplicity, we state 



all the results for smooth vector bundles over smooth manifolds, but similar statements apply in 
the orbifold category. However, in the cases g = 2, n = 2, 3, 4, the spaces involved are actually 
manifolds. 

Let X denote the unit interval [0,1]. If ^ is a compact oriented zero-dimensional manifold, we 
denote the signed cardinality of Z by ^\Z\. 
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i=k 

Definition 3.1 Suppose M. is a smooth manifold and F = ^ Fi,0 — >■ M are smooth normed 

1=1 

complex vector bundles. 

(1) A bundle map a : F — ^ O is a polynomial of degree dj^j if for each i G [k\ there exists 

i=k i=k 

meT{M;F*^''*^0) forie[k] s.t. a{v) =Y,pi{vf) V^; = e F,. 

i=i i=i 

(2) If a: F — is a polynomial, the rank of a is the number 

rk a = max{ r/c{,a: 6gA^}, where rkbO = dime [im ct^). 

Polynomial a : F — > O is of constant rank if rk^a = rk a for all b E Ai; a is nondegenerate if 
rki^a = rk F for all bGAi. 

(3) If is an open subset oflxF and 

{M = {<Pt:{veF: {t,v)en} O} 

is a family of smooth bundle maps, bundle map a : F — ^ O is a dominant term of {(j)t} if there 
exist 5 G C~ ; M+ ) and £eC°{I xF;R) such that 

Utiv) - a{v)\ < e{t,v){t+\a{v)\) V(i,t;)G05 and lim e{t,v)=0. 

(t,v) — >0 

Dominant term a: F — of {(pt} is the resolvent of {4>t} if a is a polynomial of constant rank. 

In (2) above, by dime (im ah) we mean the dimension of the image of as an analytic subvariety 
of the fiber Ob- Note that if CtdlxF contains {0}x7W, the resolvent of {(t)t} is unique (if it exists). 

Lemma 3.2 Suppose M is a smooth manifold, 

(1) F = F~® F^ and O = 0~® O'^ are smooth normed complex vector bundles over M.; 

(2) is an open subset oflxF and {v^F: {t,v)^Q} — >0} is a family of smooth maps; 

(3) a: F — >0 is a dominant term of {(f)t} such that a{F~^)GO~^ , a~=7r~o (a\F~) is a constant- 
rank polynomial, where 7r~: 0~®0'^ — >0~ is the projection map, and (dim 2 r/c a~)<2rk 0~ ; 

(4) i'={i'~ ,i''^)E:r{M;0~ ® O'^) is generic with respect to oT . 

Then for every compact subset K of M., there exists 5k > ^ such that the map 

^t-{veF: {t,v)en} — > O, il)t{v) =tvv + <l)t{v), 
has no zeros on {v G \K: (i, f) G ri} for all t G (0, (^i^-) . 

Proof: (1) Suppose -DgO^^IK and V't(^') = 0- Then by our assumptions on -0^, 

W{v)\ < CK{t + eK{SK)\a{v)\), 

where Ck > depends only on K (and and ek is a continuous function vanishing at zero. Thus, 
a Sk > is sufficiently small, 

\a{v)\<2CKt yt<dK, veFsjK s.t. ilJt{v) = 0. (3.1) 
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(2) Let F' = Fi — > M he the bundles and pieT{M; F*'^'^* (g)0-) the sections as in (1) of 

4 = 1 

Definition corresponding to . Define 

^t(^r{M;End{F-,F~)) by ^t{vi) = r'^'^'Vi ifvi£Fi. 



Then by our assumption on ipt and equation (3.1), 

\u- + a- {ipt{v-))\ < CKeKi^K) yt<6K, veFs^\K s.t.M^)=0, (3-2) 

where Ck is determined by K. Since a~ has constant rank, the image of a~ is closed and is the 
total space of a bundle of affine analytic varieties of complex dimension rk a~< rk 0~—^ dimA^. 
Thus, by assumption (4) of the lemma, does not intersect the image of , and there exists 
ex > such that 

\iy' + a' {v')\ > ex ^veF-\K. (3.3) 
If eK > CkSk{^k), by ( |3.2D and ( |3.3|) , vr" o ifji (and thus ijjt) has no zeros on Fsi^\K. 



We will call family |0f : {v^F : {t,v) G Q} — > O} of smooth maps hollow if it admits a dominant 
term a that satisfies hypothesis (3) of Lemma I 



Definition 3.3 Suppose M is a smooth manifold and F — >M is a smooth vector bundle. 

(1) Subset Y of F is small if Y contains no fiber of F and there exists a smooth manifold Z of 
dimension (dimF— 1) and a smooth map f: Z — > F such that the image of f is closed in F and 
contains Y . 

(2) If F,F — > A4 are smooth complex vector bundles, p(zT{A4; F*^'^ (E) F) induces a d-to-1 cover 
F — >F if the map 

Fb^Fb, V ^ p{v) = p{v'^), 
is d-to-1 on a dense open subset of every fiber Fh of F. 



i=k 

Lemma 3.4 Suppose M is a smooth manifold, F = ^ Fi and O are smooth complex vector bundles 

i=l 

over Ai, and 

i=k 



a = 
1=1 



^Pi-.F — >0, where pi£T{M; F*^"^^ (g) O) , 



i=k 



is a nondegenerate polynomial. Then there exists a small subset Ya of F = ^ Fi, which is invariant 



1=1 



under scalar multiplication in each component separately, with the following property. If K is a 
compact subset of O — a{Ya), there exists Ck > such that 

\v\<CK\a{v)\ VuGF s.t.a{v)£K. 
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Proof: (1) Let C -F be the closed subset on which the differential of the fiberwise map v — > a{v) 
does not have full rank, i.e. its rank is less than rk F. Since a is nondegenerate, Ya contains no 
fiber of F. By our assumptions on a, 

i=k 
i=l 

Since PilPi,, is a homogeneous polynomial of degree di, its derivative is a homogeneous polynomial 
of degree (dj — 1). Thus, Yq, is preserved under scalar multiplication in each component separately. 
It also clearly satisfies the second condition of (1) of Definition 

(2) On F — Ya, a is a covering map onto its image with the number of leaves bounded by some 
number Na- Thus, if K is any compact subset of O — a{Ya), a~^{K) is a compact subset of F. 
Therefore, there exists Ck such that 

\v\<CK\a{v)\ yv £ F s.t. a{v)£K. 

Note that if 0^a{Ya), then a is a linear injection on every fiber, and the above inequality holds 
on all of F. 



Lemma 3.5 Suppose M is a smooth manifold, 

i=k 

(1) F = ^ Fi andO are smooth normed complex vector bundles over Ai with rk F + ^ dim A4 = rk O ; 

i=l 

i=k 

(2) Y is a small subset of F = Fi, which is invariant under the scalar multiplication in each 

i=l 

component separately; 

(3) 0. is an open subset oflxF such that ilU({0}xX) is a neighborhood of{0}xX inlx (F— (Y—X)) ; 

(4) {v^F: (t,t;)G$7} — ^Oj is a family of smooth maps; 

(5) nondegenerate polynomial a: F — >C is the resolvent of {(pt}; 

(6) z^Gr(7W;0) is generic with respect to (l", a), and the map 

F — >0, V — >u^ + a{v), (3.4) 
has a finite number of (transverse) zeros. 

If Tpt is transversal to zero for all t, there exists a compact subset K^^p of Ai with the following 
property. If K is a precompact open subset of M containing Ka^p, there exist 6k, > such that 
for all t G (0, ex), 

^\{veFsj,\K: {t,v)€n,My) =0}| =^ \{veF: u^ + a{v) =0}|, 

where tptiv) = tv^ + </'t(f) as before. Furthermore, all the zeros of 'ipt\{Fsj^\K) lie over Ka,p. 



Proof: (1) Since the map in (3.4) has a finite number of zeros, all of them lie in the interior of 
Fc^ j^\Ka,p for some compact subset Ka,u of M. and number Ca,u > 0. Suppose K C M. is a 
precompact open subset containing Ka^p, 6k > is such that (F^^I^C— y) Cil, and v £ Qsk\^ 
such that ipt{v) = 0. By the same argument as in the proof of Lemma |3.2| , if 6k >0 is sufficiently 
small, 

\(xiv)\<CKt and kiyv + a{v)\ < eKi6K)t ''^t < 6k, v£Fsj^\K s.t. iptiv) = 0, (3.5) 
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where Ck and ek = £k{5k) depend only on ET, and exi^K) tends to zero with 5k- Let (^t '■ F — >F 
be the map defined in (2) of the proof of Lemma with F~ replaced by F. By ( |3.5| ), 



a{(j)tiv)) £ICp{K;Ck,£k{5k)) = {wgOck- + 'cu\<eK{SK)} , . 

\/t < 6k, veFsjK s.t. M^) = 0. 



(2) If I' is generic, the map in ( p.4p does not vanish on Y^, where Ya is as in Lemma 3.4. Since 
a{Ya) is a closed subset of O, there exists eK > such that 

+ a{v)\ > eK y veYa\K. 

Thus, if eKi^K) <£k, K^u{K;Ck,Sk{Sk)) is a compact subset of O disjoint from a(Ya). Then by 
( |3.6D and Lemma |3.4 

<C*K Vt < 6k, veFs^\K s.t. Vt(t)) = 0, (3.7) 

where CJ^ depends only on K. 

(3) There is a one-to-one sign-preserving correspondence between the zeros of ipt on Q^kI-^ 
the zeros of 

i^t:ns^{K,t)^{veF: {t, 4>iHv)) ens^\K] O, Mv) = t'^M't'tHv)) ■ 

By ( |3.7| ), all the zeros of ipt on 1^5^(7^, t) are in fact contained in Fc'^\K. We can assume that 
> Ca,p- By our assumptions on (pt, 

\Mv) - {iyv + a{v))\ < CKtKi^K) yv G ^5^{K,t) n {Fc*^\K), (3.8) 

where Ci^ > depends only on K. We define a cobordism between the zeros of Tpt and the zeros 
of + a on Vts^ {K, t) n {Fc*^ \K) by 

^■.IxnsjAK,t)n{Fc*jK) ^O, ^^(t;) = T^t(t>) + (l-r)(P„ + a(t>)) +r/,(t>), 

where t/ : IxQ^k (-^' ^) ^ ^ smooth function with very small C'^-norm such that r]Q = rji=0 

and ^ is transversal to zero. It remains to see that ^'"^(0) is compact. Suppose ^'^-^(f^) = 
and {Tr,Vr) converges {f,v) £TxF2C'^\K; we need to show that v gQsk(.^^^) iFc-^\K). By 
equation (^), 

+ a{vr)\ < CKeKi^K) + Mlco li?,:, + a{v)\ < CK^Ki^K) + ll^llco- (3-9) 



On the other hand, since v is generic, the map in ( |3.4| ) does not vanish on Y . Furthermore, all the 
zeros of this map are contained in the interior of Fq^ i?\Ka,u- Thus, by compactness, 

CK = inf { I + aiv) \:ve{Yn Fac^) U (Fc*. } > 0, (3.10) 

where ck depends only on K. If ck > Ck^k{5k) + ||??||cOi by ( |3.9|) and ( |3.10D , 

V G Fc„,,|i^„,p C Fc'^^\K -YC ns^{K,t). 

The last inclusion follows from the very first assumption on 6k above. We conclude that \I'^^(0) 
is compact. 
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Corollary 3.6 Suppose M is a smooth oriented manifold, 

(1) F = F~ ® F'^ , F~ , andO = 0~®0^ are smooth normed complex vector bundles over M with 

rk F^ = rk F^ = rk — — dim M. and rk F^ = rk O^; 

(2) p^ViM^F-*®^ ® F-) induces a d-to-l cover F — >F, and a' eT{M;F-* ® O'); 

(3) a : F — > O is a nondegenerate polynomial such that a"*" = a\p+ : — > 0+ is linear and 
TT~ oa = a~ op; 

(4) Y is a small subset of F = F~ ®F^ , which is invariant under the scalar multiplication in each 
component separately; 

(5) Q. is an open subset oflxF such that QUX is a neighborhood of {0}xX inix (^F—{Y — X)^; 

(6) {(pt- {v^F: {t,v)GQ,} — >0} is a family of smooth maps with resolvent a; 

(7) v'={v'~~ ,i'^)£T(Ai;0~ (B O^) is generic with respect to {a~^ ,a~ , p,Y), and the map 

F~ — >0~, w — >u- + a-{w), (3.11) 
has a finite number of (transverse) zeros. 

If ipt is transversal to zero for all t, there exists a compact subset Ka^p of M with the following 
property. If K is precompact open subset of KM containing K^^p, there exist 5k, > such that 
for all t G (0, eK), 

^\{v(^Fs^\K: {t,v)(^n,il:t{v)=Q]\ = d- : z?" + = 0}|, 

where ^j(u) = tv^ + Furthermore, all the zeros of ipt\[F^j^\K) lie over K^^p. 



Proof: Let K^^p and (5i^ > be as in Lemma |3.5| . Then if is a precompact open subset of 7W, 
for all (0, ex) the signed number of zeros of V't 1(^5x1-^) same as the signed number of 

solutions of 

' \p+ + a+{v+) + ^+[a{v-)) =Q(^0+. ^ ' 

For every solution of the first equation, there is a unique solution of the second equation. Since 
is complex-linear on the fibers, the signed number of solutions of ( |3.12| ) is the same as the signed 
number of solutions of the first equation. Since the first equation has no solutions on Y^^- if v is 
generic and p is d-to-l outside of Y^- , p induces a d-to-l sign-preserving map from the set of zeros 
of (|3.4| ) to the set of solutions of the first equation. 



3.2 Contributions to the Euler Class 

If is a smooth oriented compact manifold of dimension n, and V — > M is an oriented vector 
bundle of rank n, then the Euler class of V is the number of zeros of any section s : M — > V which 
is transverse to the zero set. In this subsection, under slightly more topological assumptions on A4 
and V, we discuss a relationship between subsets of the zero set of a non-transverse section and 
the Euler class of V. 

_ i=n—2 

Definition 3.7 (1) Compact oriented topological manifold Ai=Ain U U of dimension n is 

i=0 

mostly smooth, or ms, if 
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(la) each Mi is a smooth oriented manifold of dimension i; 
(lb) M.=M.n is a dense open subset of M; 

(Ic) for each iG [n — 2], there exists an ms-manifold Mi=Mi U |J -^i j ^''^^ ^ continuous map 

j=o 

ifi: Aii — >Ai such that ,'■ -Mij — ^-^j ^-^ orientation-preserving diffeomorphism onto an 

open subset of Mj and ipi\j^ = Id. 

(2) If M is an ms-manifold as above, topological normed complex vector bundle V — > is an 
ms-bundle if V\M is a smooth complex normed vector bundle and ip*V — > Mi is an ms-bundle 
for all i£[n — 2]. 

(3) If V — > M is an ms-bundle, continuous section s : M — > V is an ms-section if s\j^ is 
C'^-smooth and (PiSi: Mi — ^^1^ is an ms-section. 



Since any negative-dimensional topological manifold is empty, by (la) of Definition 3.7, a zero- or 
one-dimensional ms-manifold is simply a compact oriented smooth manifold of the same dimension. 
Thus, Definition inductively describes ms-manifolds, ms-bundles, and ms-sections in all dimen- 



sions. We denote the space of ms-sections of V — >M by T{M; V). Using (3) of Definition ^J, we 



define a ms-polynomial map between two ms-bundles analogously to (1) of Definition 3.1 



We topologize T{M;V) as follows. If Sk,s £ T{M]V), the sequence {sk} converges to s if Sk 
converges to s in the C'^-norm on all of M and in the C^-norm on compact subsets of Mi for all 
i E [n—2] and i = n. The C'^-norm is defined with respect to the norm on V — >M. In order to define 
the C'^-norm on compact subsets of Mi, we fix a connection in each smooth bundle in V — >Mi. 



Definition 3.8 Let M be an ms-manifold of dimension 2n as in Definition \3. % 

(1) If Z d Mi is a smooth oriented submanifold, F — > Z is a smooth complex normed vector 
bundle, Y is a small subset of F, 6€ C°°{Z; M"*"), and ■!? : (^F^ — {Y — Z)^ — >M UZ is a continuous 
map, {F,Y,6,i9) is a normal-bundle model for Z if 

(la) i9: (F^ — (Y — Z)^ — >M U Z is an open map and •d\z is the identity; 

(lb) 'd\Fi-Y'- F^—Y — > M is an orientation-preserving diffeomorphism onto an open subset of M. 

(2) Suppose V — >M is an ms-bundle of rank n and s^T{M]V). Smooth submanifold ZcMi of 
dimension 2k, such that s\Z = 0, is s-regular if there exist a normal-bundle model {F,Y,6,'d) for Z 
and a bundle isomorphism i^y: i!}*V — >'irpV, covering the identity on (^Fs — {Y — X)), such that 
i^vlPs-Y is smooth, 'dy\z is the identity, and 

(2a) {(1)0 = ^v° ^*s: {Fs - Y)) — >V} is a hollow family, OR 

i=2k-2 ^ 

(2b) there exist an ms-manifold Z = ZVA |J Zi, continuous map ip: Z — >M, ms-bundle E — > Z 

i=0 

and ms-polynomial a: E — >ip*V such that 

(2b-i) ip\z = Id and : Zi — > Zi is a local diffeomorphism onto a smooth submanifold Zi of 
■M.j(i) for some j{i) £ [2n]; 

(2b-ii) E\Z = if*F, a\z is nondegenerate and is the resolvent for {<f)Q = 'dv°'^*s'. (^Fj — Y)^ — ^'^j; 
and Y is preserved under scalar multiplication in each of the components of F for the splitting 



corresponding to a as in (1) of Definition 3.1. 



Lemma 3.9 If {M ,V, s) and {Z, F,Y,6,'d) are as in (2) of Definition there exist a number 
Cz{s)£l', which equals zero in the Case (2a), and a dense open subset V z{s) <ZT{M]V) with the 
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following properties. For every I'^Tzis), 

(1) there exists > such that for all t G (0, e^), all the zeros of tv + s are contained in M and 
{tv+s)\j^ is transversal to the zero set in V; 

(2) there exist a compact subset K^cZ, open neighborhood Uu{K) of K in Ai for each compact 
subset KcZ, and ey{U) £ (0,6,^) for each open subset U of M such that 

^\{b£U:tu{b)+s{b) = 0}\=Cz{s) ift<e„{U), d K d U d U^{K). 

Proof: It is clear that we can choose a dense open subset r^(s) cr(A^; V) such that every z^Er^(s) 
satisfies requirement (1) of the lemma. If we are in the Case (2a) of Definition 3^, we also need 
that v = v\Z \s generic with respect to the corresponding polynomial a~ in the sense of the proof 



of Lemma We can then take Ky = %. In the Case (2b) of Definition 3^, let v = ^p* v £T [Z; Lp*V) . 
The second part of (6) of Lemma 3.5 is satisfied if the map 

E — > V, V — > + a{v), 

has no zeros over Z—Z. This is easily insured by transversality on each smooth strata. The other 
requirements on u in Lemma |3.5| are finitely many transversality properties. We then take 

Cz{s) = ^\{veF: u^+a{v) = 0}\. 



A cobordism argument similar to (3) of the proof of Lemma |3.5| shows that Cz{s) is independent 
of a generic choice of i? gT{Z; if*V). 



The total number of zeros of a section tu + s satisfying condition (1) of Lemma 3^ is precisely 
the Euler class e{V) of the bundle V — >A4. Thus, due to (2) of Lemma |3.9| , we call Cz{s) the 
s- contribution (or simply contribution) of Z to e{V). If Z is any smooth submanifold of Mi such 
that Z n s^"'^(0) satisfies the requirements of (2) of Definition 3^, let Cz{s) = Cz(s)r\s-'>-{0) 

(s). In 

addition, if Z is a closed subset of Ai such that s~^(0) — Z is also closed, we can easily define 
Cz{s) by Lemma 3.9 . 

Corollary 3.10 Let V — > Ai be an ms-bundle of rank n over an ms-manifold of dimension 2n. 
Suppose U is an open subset of M. and s^T{AA;V) is such that s\u is transversal to the zero set. 

(1) Ifs-'^{0)nU is a finite set, ^\s-\0)nU\ = {e{V),[M]) -Cj^_jj{s). 

_ i=k 

(2) If M. —IA=\_\ Zi, where each Zi is s-regular, then s^^(O) nU is finite, and 

1=1 

i=k 

^\s~\0)nU\ = {e{V), [M]) - Cm-u{s) = HV), [M]) -Y^CzM- 

1=1 

If Zi satisfies (2a) of Definition \3. 4 C^.(s) = 0. If Zi satisfies (2b) of Definition \3. 8^ and Ui : Ei — >V 
is the corresponding polynomial, 

Cz,{s) =^ \{veEi: v^+ai{v) =0}|, 

where v£T{Zi\V) is a generic section. Finally, if ai£T{Zi; E*^'' (i^V) has constant rank over Zi, 

CzM = k{^{y/o^i{Ei)),[Zi])- 
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All statements of this corollary have already been proved. A splitting of the zero set as in (2) 
of Corollary 3.10| always exists in the complex-analytic category. If the s-regularity condition is 
restated topologically, i.e. in terms of orientation classes, such a splitting should exist for a very 
large class (if not all) of sections over any compact oriented topological manifold. For the cases 
that we encounter in Section |5|, the analytic version of s-regularity of Definition 3.8 suffices. 



3.3 Zeros of Polynomial Maps 

We now present a procedure for computing the number of zeros of a polynomial map between two 
complex vector bundles over a compact oriented manifold. All the polynomials we encounter in 
Section || are of degree-one. Thus, we focus in this subsection on the degree-one case, but discuss 
the general case at the end for the sake of completeness. 

Suppose A4 is an ms-manifold, E,0 — >A4 are ms-bundles such that rk £^-|-^ dim = rk O, and 
aGT(M; E* ® O) is an ms-section. Let v^V[M; O) be such that i> has no zeros, the map 

il) = D + a: E — >0 

is transversal to the zero set in O on E\M, and all its zeros are contained in E\M. The first 
step in our procedure of determining the number of zeros of V' reduces this issue to the case E is 
a line bundle. Let WE be the projectivization of E (over C) and — > "^E the tautological line 
bundle. Then a induces an ms-section a^; G r(P£'; ® tt^O), where tie '■ 'WE — > M is the bundle 
projection map. The number of zeros of '0 is the same as the number of zeros of the induced map 

1pE = T^E'^ + CUE - IE >T^*eO. 

Thus, we can always reduce the computation to the case ii^ is a line bundle. 



The second step describes the number of zeros of ijj topologically in the case ii^ is a line bundle. 
Since v has no zeros, it spans a trivial subbundle CP of O. Let be the quotient of O by this 
trivial subbundle. Denote the Cv- and ©-""-components of a by a* and a"*", respectively. Then the 
zeros of if) are described by 



vi, + a\{v) = G 



veEb. 



(3.13) 



Since v does not vanish, all solutions of the first equations ( |3.13| ) are nonzero. The solution of the 
second equation with nonzero v is 

{E - M)\a^~^{'d). 

Furthermore, if 6 G a^~^{{)) and a{b) 7^ 0, a*: E — > (CP')b is an isomorphism. Thus, for every 
6Sa"'"~^(0) — a~^(0), there exists a unique v^E^ solving the first equation in ( |3.13|) , and the sign 
of (6, f) as a zero of ip agrees with the sign of 6 as a zero of . On the other hand, ( p. 13 ) has 
no solutions on £'|a^^(0). It follows that the number of zeros of ip is the number of zeros of 
on - a~^(0), i.e. 



= |V-'(0)| = (e(S*®0^),[>(])-C„-i(o)' 



a 



(3.14) 
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see Corollary p. 10 . 

As discussed in the previous subsection, computing Cz{s) in reasonably good cases reduces to 
counting the number of zeros of polynomial maps between vector bundles over ms-manifolds, but 
with the rank of the target bundle one less than the rank of the bundle O we started with. Thus, 
this process will eventually terminate. The lemma below summarizes the last two paragraphs. Let 
Ae = ci(7|;). 

Lemma 3.11 Suppose M is an ms-manifold and E,0 — > M are ms-hundles such that 

rk E -\- — dimTW = rk O = m. 

If a€zT(M; E* (8) O) and i'£T{Ai;0) are such that v has no zeros, the map 

il; = u+a: E — >0 

is transversal to the zero set on E\M, and all its zeros are contained in E\M, then 

fc=m— 1 

^1^^(0)1= E (cfc(O)A^-^-^[Pii;]>-C^-l(0)(a^). 
Furthermore, if the rank of E is n, 

k=n 

X% + Y,''k{E)\l-^ = {)£H^''{¥E) and (/xA^-\ [P^]> = (/x, //2m-2„(_^)_ ^g^^^^ 

k=l 

Finally, if a has constant rank, 

±1^1(0)1 = (e(0/(/m a)),[M]). 

Proof. The first statement follows from equation ( |3.14| ) by observing that c{0'^) = c{0). The rela- 
tions (|3l5| ) are well-known; see []BT|| . We state them here for easy reference. The last claim is clear. 

Remark: li a : E — > O is a polynomial, and not just a linear map, the first step in computing 
the number of zeros of the map ip = v + a would be to reduce to the case a is a linear map via 
a projectivization construction similar to the one in the second paragraph of this subsection. For 
example, suppose Oi = pi+p2, where pi £T{M.; E*^'^' O) and E = Ei®E2. Then the number of 
zeros of ip is the same as the number of zeros of 

over FEi, where pi^Ei G r(P£'i; 7^®'^^) is the section induced by pi. li v is generic, this number is 
di -times the number of zeros of the map 

V^Si =T^*E,T^+Pl,E^+^*E,P2 : 7|f' © T^E,E2 Vr^^O. 

Note that pi^Ei is linear on 7^^^ . Taking the projection of vr^^£'2 over FEi and repeating the above 
procedure, we obtain a linear map 

»EuE2 ■■ T^E^lE, © In' E^ ^ ^-J;, E^T^ E,0 . 
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4 Resolvents for {i^^tiy} i'^stiy} 



4.1 A Power Series Expansion for n'^'^^duy 

Throughout this section, we assume that T = (S, [N],I;j,d) is a simple bubble type, with (1^ = 
and di = d, and /i is an A^-tuple of constraints in general position of total codimension 

codimc/i = d{n + 1) — n{g — I) + N. 

Our goal is to extract leading-order terms from the bundle map of Theorem \2.7\ and to de- 

scribe the zero set of V'g- tu ^ union of the zero sets of affine maps between finite-rank vector 
bundles. The main topological tool is Subsection |3.1|. 



Nearly all of this subsection is devoted to obtaining the power series expansion for 7r^'^_duy of 

Proposition iA. However, we first state an estimate for TrJ^'^^Z/'t^^t, which is immediate from Theo- 
rem 2.7. 

Let {ipj} denote an orthonormal basis for Tl^^ . Given (j'GP"' and an orthonormal basis {Xi} for 

TgP", put 

i=n,j=g , .. V 

Note that P is well-defined. 

Lemma 4.1 There exist 6,C eC°^{MP such that for allv^F^^^Ts and te {0,6{t)) , 

||vr°;ij^t,,f - Ryi?ev(b^)\\^^ < C{by){t + \v\p). 



Suppose v= ((E, [A''], /; x, {j, y),u), {vh)f^^j) £ F^'^'^T is such that is defined. For any /iG /, define 
h{'T)^I by '-/j(-7-) = and HgD^^^T. By the constriction in pT| , see Subsection ??, 



Vh 



,h(r)\ xn (v) l"y^'/h I {v) "'^b. 



i€l,h€DiT 



where 4>b^,h is a holomorphic identification of neighborhoods of Xh in ^b^,Lh ^^'^ ^by \ ^ '^Xh'^b^,h- 
If $]b^^/j = S'^, we also identify TxfTibri.h with C with the map qn- 

Lemma 4.2 For all v G F^'^^T such that is defined, du^ vanishes outside of the annuli A~ ^ 
with XTh = l and A^j^ with XTh = 2. Furthermore, there exists 6 £ (Aiq-',^^) such that for all 



V 



eF('^')Ts andhei with xrh = l, on A~^ = [zeF'i^l^: \\vh\^ <\z\b^<\vh\^] , 



\vh\ 



n E(i-/5ki(2N))^'""Xi 



m>l 



9/3 1 
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where m„(z) £Te„(f,^)P" is given by 
This sum converges uniformly on A~ ^. 



Remark: By construction, = qv,{xh,vh) ° Qv,i.h and on _) 

Qv,(xH,Vh)iz) = {h,qsPh,(xn,vn)iz)), where Ph,(xn,vn)iz) = (l - PmC^IA^azD) 



Vh 



Proof: The first claim follows from (G3); see Subsection 2J.. If y G '^h^,h and \qs^{y)\<'2.5r{hv) 
define nft(2/)Gr,,(fe„)P" by 

expfc^,ev(fe„) Uh{y) = Uh{y), \uh{y)\b^ < rpn. 

By construction, Uy o = u/j o g„ o g-J^ on q^^,^ Since n^^^-^ o duh is C-linear on qy{A~f^) 

for any z G ^^/j 



-2\vh\ ^ (^^U^^^-^^^^iduhodqs) 



(4.1) 



see Lemma ?? in [Zl|. Since (7pi,fe„ is flat on ^^,(^4^ ^) by our choice of metrics, 

O'^ ^5 Qv 

i^v h)- Since o qs is antiholomorphic and the metric gF",b^ is flat near ev{by), 



(4.2) 



EX 
im-l 

m>l ^ 



dyJ 



(4.3) 



(m - 1)! (is^-i 



K°95)|(,,i)=0' 



for any x^qv{A~^, where y = s+it&C is the complex coordinate. The second claim follows from 
equations ([4.1|)-( |4^ ). For the last claim, note that the sum converges uniformly on A~j^ as long as 
qv{A~ is contained in the ball of convergence for the power series expansion for at 0. 

If ip^n!^ , h^M.^\ m> 1, and the metric 5^ g is flat near x, we define as follows. 

If (s,t) are conformal coordinates centered at x such that s'^+t^ is the square of the 51^ ^-distance 
to X, let 



{<V}f|)-{<V} 




d_ 

(s,t)=oJ \ds 
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where the covariant derivatives are taken with respect to the metric g^g. Since £ "^s^j 
ipj = f{ds — idt) for some anti-holomorphic function /. Since is flat near x, it follows that 

D^JVeT^'^S®'". If {ipj} is an orthonormal basis for let s[J ST^S®™ ® Ti'^/ be given by 

N _ (m) 



The section s[™^ is always independent of the choice of a basis for H^^, but is dependent on the 

choice of the metric g^^^ ifm>l. However, s[^^ depends only on we denote this section 

by ss,x- By [|GH| , p246], ss,a; does not vanish and thus spans a subbundle of S xH^^ — > S. We 
denote this subbundle by Ti.^ and its orthogonal complement by . A slightly different description 
of these bundles is given in Subsection |2.2| . Let 

7r+, TT' G r(S; (S x Ti'^/)* ® H^) 
be the corresponding orthogonal projection maps. Denote by s[™'^^ the composition tt^ o s^^'^\ 
Lemma 4.3 There exists 6eC°^{Mr;^'^) such that for all v e F^'^'^Ts, X G Te^(b^,)P", and^peTi'^^, 



m>l xt'i=i 

Furthermore, the sum is absolutely convergent. 

Proof: Since (^Buv, R^Xip'j = outside of the annuli A~ with XTh = 1, 

((7r°;ian„,ii„XV» = ((an,,i?„XV'» = E / {duv,RvXi;). (4.4) 

Since q^]^ o (f>^^j^ is holomorphic on ^b^a unitary on n„(A~^), and the inner-product of 

one- forms is conformally invariant, 



[duy^RyXip) = j {d{uy o g^Jj o dc^^^^f^, RyXip o dq^}^ o d(l)^^f^) 

(4.5) 



since RyXilj = Xip on ^. If ih = 0, we identify ^ =Tx^T, with C in a Q-unitary way. 

In all cases, we can then write 

Since ip is harmonic and o 0^^^ is holomorphic on A^^h, f is anti-holomorphic. Using the 
change of variables 2\vh\~^z = re*^, we obtain 

h 

:{v^-lb.,x)vr L {(i-/?(2i-/.r^ki))'""V%|^^i_i|Ji..r^.-^/ (4.6) 
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Since / is holomorphic, for any r > 0, 

'■2'"" _ 1 1 f _ 1 1 

{re^Y^"'-^^f{^\vh\-^re^yO = -i J z'^ f {-\vh\-^ z)dz 

\z\=r (4_7) 

Since the metric g^^ is flat near x^-, 



(4.8) 



The claim follows from equations ( |4.4D -( ^~8|) and Lemma 4.2 



Proposition 4.4 IfT={T,, [N],I;j,d) is a simple bubble type with (1^ = 0, there existe (5g C°°(A4r; IR^) 
such that 

XTh=l 

Furthermore, the sum is absolutely convergent. 

Proof: This proposition follows from Lemma 4.3 and equation ( p. 14 ). 



4.2 First-Order Estimate for ^/^^ 



tu 



For any v= [(S, [N], I; x, {j, y),u), ivh)f^^j] £FT and HgI such that XTh = l, let 



^ ' I, 1 



We denote 0!^\ and by ar,h and ar, respectively. 
Lemma 4.5 There exist 5, Cg C°°(A4r; suc/i that for allv^F^Ts, 

\\TT^v^-duv + RvOit{v)\\^< C{h^)\v\ ^ 



Proof: This is immediate from Proposition |4.4| , since 



m>2 



for aU /iGl with xrh = l and veFTs with 5g C°°(A4r; sufficiently smah. 
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Lemma 4.6 There exist (5, C € C°°(A^r(/u); such that for allv(^F^Ts, 



^r,tui^)- {t^ev(b^) + aT{v))\^<C{h^){t + \v\^)(t+ \^\h 

XTh=l 



where ipli- , denotes ip^ 



Proof: By Lemma 2.2 and Theorem |2.7] , 

v\h 

XTh=l 



\Dv^'u^tu \\v,p,l 

XTh=l 



Combining this estimate with Lemmas 4.1 and 4.5, we obtain 



i^T,M - Hv{6„) + ar('y))|[ < Cib^){t + \v\p)(^t+ Y 



(4.9) 



XTh=l 



for all vGF'^Ts, provided 6 £C°^{Mt;^'^) is sufficiently small. On the other hand, if byGMr 

M,tML<c{b.){t+\vr.)^ 

< C{b^){t + \v\v)(t+ Y \^\h 



(4.10) 



XTh=l 



where ^pl^ = ip'^ is the section of Theorem for any fixed regularization (<I>7- = Id, 
of Mr{p)- The clafm follows from (|]9|) and (|1^). 



Om' next step is to apply Lemma or Corollary to the map V'^- tu whenever possible. In terms 
of notation of Subsection 13. IL we take 



^/]) = Uj] = [6,u/i], a"((/>(t;)) = ar(^^), 

where (ph denotes the hth component of (p : F~ — > F~ . Note that a~ G T{M.t',F~* (g) C>~) is 
well-defined. A priori, a~ may not have full rank on every fiber over Mt{p). We will call a 



subset K C Ai'rilJ') T-regular if a has full rank over K. From Theorem |2.7| , Lemma 3.2, and 
Corollary 3^, we then obtain 

Corollary 4.7 Suppose d is a positive integer, T=(S, [N],I;j^^j,d) is a simple bubble type, with 
dQ = and J2 d'i = d, and fi is an N -tuple of constraints in general position such that 



codimcij, = d{n + 1) — n{g — 1) + A^. 



Let V G r(S X P"; A'^'^7r|.T*S 7rp„TP") be a generic section. If ih^O for some h^ I, for every 
regular compact subset K of Mr{^), there exist a neighborhood Uk of K in C^.^j^^-^{T,; n) and 
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ex > such that for any t £ {0,eK), Uk ■M.j],d,tu{fJ') = ^- If i-h = for all h £ I, there exists a 
compact regular subset Kq- of Mq-ifJ') with the following property. If K is a compact subset of 
Ai'rifJ') containing Kq-, there exist a neighborhood Uk of K in C'^.^j^^^{T,; fi) and ex>0 such that 
for all t£ (0, ex), the signed cardinality of Uk H A^s,(i,tv(/") equals to the signed number of zeros of 
the map 



FT\Mt{ij) 



V — ' ^ev(b^) +ar{v). 



(4.11) 



Proof: In either case, by Theorem |2.7| , there exist a neighborhood Uk of K in C^^.jjyj^(S; /i) 
and 6k, > such that for any t G (0,6;^), there exists a sign-preserving bijection between 
Uk n Ms,d,tu{lJ') and the zeros of V'r tu °^ I^'^^'sk I {^K H Mr{lj)) , provided Uk n Mr{lj) is pre- 
compact in Mt-{ii). Furthermore, 5k can be required to be arbitrarily small. If K is regular, Uk 



can be chosen so that the closure of Uk H ^^-{fi) in ^^-{fi) is also regular. Then by Lemma 4.6 



V'r.i.l^) - (*^ev{6„) + ar(i^)) < CK{t + \v\'^){t + \ar{v)\) yvGFHs^\K, 



where Ck > depends only on K. Thus, the first claim follows from Lemma The second 
follows from Corollary provided that for a generic the set of zeros of the map in ( 4.11| ) is 
T-regular and finite; see Lemma 4.8 below. 



Lemma 4.8 If Lh = for all hGl, the set of zeros of the map in {4- 11) is T-regular and finite. 



Proof: We first show that the set of zeros is finite. Since any degree-zero holomorphic map is 
constant. 



Mrilj) = M-Y. i '^^til^)^ where M.^ f = [xf^T,^ : Xi^^Xi^'iii^i2] ■ 



(4.12) 



Via this decomposition, the map in ( [4.1l| ) extends continuously to the total space of a bundle 
over S^xZ^^(/i). The complement of M-rifJ-) in S^x hlq-{^) is the union of smooth manifolds of 
dimension less than the dimension of Mq-ifJ-), as long as the constraints are in general position. 
Thus, if u is generic, the extension of the map in (4.11) does not vanish over the complement of 
M-rilJ-) in S^xZ^-f (/u). Since T,^ xU'j-{fi) is compact, the set of zeros of (the extension of) the map 
in ( [4. Ill ) is finite. Furthermore, by (2) of the proof of Lemma 4.10| , the subset of M'r{^) on which 
a~=ar is a proper submanifold oi Air{lj)- Thus, if v is generic, the map in ( 4.11 ) does not vanish 
of this subset. 



4.3 Consequences of the First-Order Estimate for ^^^^ 

In this subsection, we show that Mrip) is T-regular for most bubble types T under consideration, 
and nearly all of them fall under the first case of Cor ollary [4.7|. We call T effective, if for some 

generic choice of u and of the constraints /ii, . . . ,/UAr, |J M.T.,tu4{l^) intersects MrifJ-)- If is a 

t<i 

compact subset of 7Wr(/^)) we call K effective if |J MT,,tu,d{lj) intersects K. 

t<i 

Lemma 4.9 Let T = (S, [N],I;j,d) be a simple bubble type. If ji = for some [N] and K is a 
T-regular subset of Mr{lj), then K is not effective. 
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Proof: By Corollary [4.7| , it is sufficient to show that the map 

i^+ar : FT — > ® ev^TP" 

has no zeros for a generic v. For a generic i', the zero set of this section is zero-dimensional. 
However, if j/ = for some l£ [N], we can move yiG'S freely, without changing the value of v'+aq-. 
Thus, if the zero-set of the section is nonempty, it must be at least one-dimensional, which is not 
the case for a generic ly. 

Lemma 4.10 Let T=(S, [N],I;j,d) be a bubble type with (1^ = 0. If 

ng-\i\-(\H(^T\ + \Mi^T\+ ^ {\H^T\ + \M,T\ - 2)^ < n - \{h: XTh = l}\, 

AirifJ-) is T-regular. Furthermore, if the number on the left-hand side above is negative, then 
M.r{lj) is empty. 

Proof: (1) The dimension of A^(^) is given by 

dimA4r(/i) = {d{n + l)+n + N - |/|) - {d{n + 1) - n{g - I) + N) = ng - |/|. 

However, given 6= (S, [A^], /; x, (j, y), u) ^AirifJ-), we are free to vary Xh if = (i.e. Xh S S) and 
yi a ji = 0. Similarly, if i G /, di = 0, and \HiT\ + \MiT\>2, we can vary \HiT\ + \MiT\ — 2 marked 
and singular points on S^^j. Thus, the space A^'r(^) must have dimension at least 

drnin{T) = \H^T\ + \M^T\+ {\H,T\ + \M.-T\-2), 

i£i,di=0 

if Mt-{p.) is nonempty. Therefore, we can assume \{h: XTh = \] \ <n. 

(2) Let hi, . . . , ^||fe:x rfe=i|| elements of {h : XTh = l}. The section ss sr(S; r*^®?^^^) does 

not vanish; see [ pH| , p246]. Thus, the section q~ defined above has rank at least k if the section 

^r;fcGr(A^r(^);(0ir,ft„) ®ev*rP"), Pr;fc ([6, C|,„ = YVr,h^ {[b,chj) , 

m<k m<k 

has rank k. We prove inductively that under the assumptions of the lemma this is the case for all 
k<\{h: XTh = l}\. If A: = 0, there is nothing to prove. So we can assume that k>0 and that the 
statement has been shown to be true for k—1. The k—1 statement shows that the image of ^r;fc-i 
is a rank k—1 subbundle of ev*TP". Let vr^.j^ denote the orthogonal projection onto the orthogonal 
complement of this rank (k — l)-subbundle in ev*TP" with respect to the standard metric in P". 
We need to show that the section 

^Li ° ^r;k e T{Mr{i^y, L^,,^ ® vr,^_i(ev^rP-)) 

does not vanish. By Corollary |6.3| , vr^ -j^ oD-^-.^ is transverse to zero for a generic choice of the 
constraints fJ-i, ■ ■ ■ ,fJ-N- Its zero set must have dimension at least dmm{F), if nonempty, since the 
movements of points described in (1) do not effect TT^_io'D']-.k- Thus, TT^^ioVq-.f^ does not vanish if 

dim{Mr{l^)) - dmm(T) <n-{k-l). 
By the assumption of the lemma, this is the case as long as k<\{h: xt^ = 1}|- 
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Corollary 4.11 Let T = {'EjlN], I; j,d) be an effective bubble type with (1^ = 0. If g = 2 and n = 2, 
then either 

(1) \i\ = l andjij^Ofor aUle[N], or 

(2) \i\ = 2, H^T = i, andjij^Ofor aUl£[N]. 
Furthermore, in Case (2) aq- has full rank over all of Mq-^^). 

Proof: (1) By Lemma [4.10| , MrifJ') is empty, unless ng — \I\ > 1, i.e. \I\ < 3. Suppose \I\ =3. If 

\Hor\>2, 

ng - \i\ - \H^r\ <4-3-2<0, 

and thus AiTifJ-) is empty by Lemma |4.10 . If \HqT\ = 1, XT^T^l for some h£l, and thus 

n - \{h: XTh = l}\ > 2 - - 1) = = - |/| - \H^T\, 

and by Lemma 4.1C| every compact subset of Mt{^j) is T-semiregular. The space A^t(/u) is 
compact, since by the above Mq-'ifJ-) = if T' < T. Corollary 4^ then implies that is not 

effective, i.e. T is not effective. 

(2) Suppose \i\=2. If |i?Qr| = 2 and ji = 6 for some/G[iV], 

ng - \i\ - \HqT\ - \MqT\ <4-2-2-1<0, 



and thus M.r{lj) is empty by Lemma 4.10. If \HqT\ = 1, then xih^l for some /iG/, and thus 



n 



\{h:xTh=l]\=2-l = ng-\i\-\H(fT\, 



and it follows from Lemma [4.10 and Corollary |4.7| , that every compact subset of is not 

effective. Furthermore, A^r (a*)— -A^T(Ai) consists of three-bubble strata, all of which are not effective 
by (1) above. Thus, T is not effective, unless i/i = for all /i G / and ji ^ for all / G [A^]. The 
second statement about the |/| =2 case is immediate from Lemma 4.10| . 
(3) Finally, suppose |/| = 1 and j/ = for some /G [A^]. Then, 

n - \{h: XTh=l}\ = 2-l>ng-\i\- \H^T\ - |MqT|, 

and thus by Lemmas and [4.10| , every compact subset of Mq-^^) is not effective. Furthermore, 
■Mt ifJ-) — Mt ifJ-) consists of two- and three-bubble strata that by (1) and (2) are not effective. 
It follows that T is not effective. 

Corollary 4.12 Let T=(S, [N], L, j,d) be an effective bubble type with (ig = 0. If g = 2 and n = 3, 
then either 
(1) \i\ = l, or 

(2a) \i\ = 2, H(fT = i, and ji^O for aUle[N], or 
(2b) \i\ = 2, H^T^i, andji^bfor allle[N], or 
(3a) |/|=3, H(fT = i, and jij^O for allle[N], or 

(3b) |/| =3, ih = i for some Ig/ and all /iG /-{!}, ci|=0, and ji^O, i for all l£[N]. 
Furthermore, in Case (3a) aq- has full rank on all of Mq-{iJ,). 

Proof: (1) Similarly to the proof of Corollary f4.11| , M.'r{^J) is empty unless |/| <5. If |/| =5, M.q-[ii) 
is compact and \H^T\ = \. Let iG / be such that t| = 0. If (ij>0, 

n - \{h: xrh=l]\ = 3 - 1 > = - |/| - \H^T\, 
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and Mrilj) is not effective by Lemma 4.10| and Corollary Suppose (ij = 0. Then, \HiT\ = 2; 
otherwise MrilJ^) is empty by Lemma [4.10 . It follows that 

n - \{h: xrh = l}\ > 3 - (|/| - 2) = = - |/| - \H^T\. 



Thus, by Lemma |4.1[)| and Corollary f4.7| , T is not effective. 

(2) Suppose \I\ = 4. If \HqT\ > 3, A^rC^) is empty by Lemma 4.10. Let 1 G / be as above. If 
1^^0-^1 = 2, 

n - \{h: xrh = l}\ > 3 - (|/| - I) = Q = ng - \i\ - \H^T\. 
If |i^o'^| = l and (i|>0, 



3 - 1 > 1 = 



IT' ~ XTh=l}\ 

If \H^T\ = 1, (ij = 0, and \H^T\ = 3, 

n- \{h: XTh = l}\ > 3- (|/| - 1) = = ng - \i\ - \H^T\ - i\HiT\ -2). 

Finally, ff \HqT\ = 1, (1^ = 0, and |i7|T| = 2, 

^- Xr/i = l}| > 3 - (|/| - 2) = l = ng-\i\- \H^T\. 

Thus, by Corollary |4.7| and Lemma 4.10| , in all four cases, no compact subset oi AirifJ') is effective. 
Since Mt{^) — Mq-it^) consists of five-bubble strata that are not effective by (1) above, it follows 
that T is not effective. 

(3) Suppose \I\ =3. If H^T = I and j/ = for some [N], 



\H~,r\ 



\M^r\ = 6- 3- 3- l<0, 



ng - \I\ 

and thus AiTifJ-) is empty by Lemma [4.10 . If \HqT\ = 2, 

n- \{h: xrh=l}\ > 3 - (|/| - 1) = 1 > - |/| - \H^T\. 



If |i^o^| = l and d|>0, 



n — \{h: XTh=l}\ = 2 = ng — \i\ 



If |i^o'^| = l and \H^T\ = l, 



n — \{h: XTh=l}\ = 2 = ng — \i\ 



Thus, in all three cases, by Lemma [4. IC and Corollary 4.7, no compact subset of A47-(/u) is effective. 
Since A4r(Ai)— A4r(/^) consists of four- and five-bubble strata that are not effective by (1) and (2) 
above, T is not effective in these three cases. On the other hand, if \H^T\ = 2, ji = or = 1 for 
some / G [A^] , and = 0, 



n 



\{h: XTh = l}\ >l>ng-\i\ - \H^T\ - \M^T\ - {\HiT\ + {M-^Tl -2). 



Thus, by Lemmas |4.9| and 4.10, no compact subset of M.'t{h) is effective. Similarly to the above, 
it follows that T is not effective. 

(4) Suppose |/|=2 andi, = for some/G[iV]. If |FqT| = 2, 



n - \{h: xrh=l]\ >l>ng-\i\ - \H^T\ - \M(fr\. 
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ii\H(fr\ = i, 



n 



\{h: xrh=l]\ = 2>ng-\i\ 



\H(fr\ 



\M^r\. 



Thus, in either case, no compact subset of ^^-{fi) is effective by Lemmas 4.£ and 4.1C. Furthermore 



T'<T 

where T' is either a four- or five-bubble strata, or a three bubble-strata T' = (S, [N],I';j', d!) such 
that either \H^T\ = 1, or d'y = and j[ = or 1'. By (l)-(3) above, none of such bubble types is 
effective, and thus T is not effective. 

4.4 Second-Order Estimate for V'rti/' Case 1 

We now refine the first-order estimate for ipi^ along the sets on which the section a" defined 
above does not have full rank. These are precisely the sets on which the section P^- 
defined in the proof of Lemma 4.1C does not have full rank. 



One set on which ^r,|{/i:xr/i=i}| ^^^^^ have full rank is the zero set of Vq-^^^. If n = 2,3, by 
Lemma 4.1C, I't./h does not vanish unless hi is the only element of the set {h: XTh = 1}. Thus, 
we assume that this is the case. We denote the zero-locus of Vq-^hi by Sr,i cM.t, which will be 
abbreviated as S in this subsection. Since ^?t,/ii is transversal to zero by Corollary |6.3| , 5 is a 
complex submanifold of Mj- of codimension n. Its normal bundle MS in Aiq- is the restriction 
of L*^ f^^ (g) ev*rP" to Sr,i. Let {^s,'^s) a regularization of = Sn Mr{p)- This 

regularization can be chosen so that 



b,4>s{b,X) 



X V GAA5 = ev*rP", 



(4.13) 



where 4>S is the lift of (j)s to the preimage 5 of 5 and its normal bundle J\fS in ; see Subsec- 



tion ?? in [Zl|. The bundle MS carries a natural norm induced by the (7pn gv-metric on P". Denote 
by FS and F'^S the bundles described in Subsection corresponding to the submanifold St,i- 
Let 1 £ H^T be the unique element such that hiGD{T. If [b; X, v]£FS = MS FT, put 



(2) 



ar-i{X,v) = X{hy)sT.,x^Vhi +"r,/ii(^)- 



Lemma 4.13 There exist 5,C eC°°{S;M+) such that for all ■co = [{b;X,v)]eF^Ss, 



Proof: The proof is almost identical to the proof of Lemma 4.5. The only difference is that we use 
two terms of the power series of Proposition |4.4 We then make use of the assumption ( 4.13| ) on 



(2) 

(fis and smooth dependence of T>j- f^_^ on X. 

Lemma 4.14 There exzsi 5, Ce C°°(cSr,i(^);M+) such that for all w = [{b; X,v)]e F^Ss, 

i's,tu(.^) - i^^evib) + ^^^aT;l{X, V)) < C{b) {t + \V\ p) {t + \v\l^ + \X\ \v\h,) ■ 
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Proof: This claim follows from Lemmas 4.1 and 4.13 in a way analogous to the proof of Lemma I 



The only difference is that we need to improve the estimate on vrj^'i-DtiCi),*!/ made in the proof of 
Lemma |4.6| . Let {i/^j} be an orthonormal basis for H^^, such that ipi £H^[xhi{v)) , and {Xi} an 



orthonormal basis for T, 



cv(0s(X))i 



By Theorem |j, with v{X) = ^>5(to) 



{{'^v\x)~-^-ijiX)^v{X),tu, Rv{X)Xi'ipj)) = {{^v{X),tu, D*v{X)Rv{X)Xi'4)j) 

<C{h){t + \v\h\Dl^x)Rvix)X,i^,\\co. 
Since ^ Gr+(f ), by construction in Subsection 

{{iv{X),tu,D*v{X)Rv{X)Xi'4)l)) = 0. 

On the other hand, since ^2Uh^()j) = ^"^^ \\^'^2\\g^ ^^c^^ <C{h), by equation ( 2.12 ) 

\\^kx)^'oi.x)XiiJ2\\co(A^^^^^^^^ < Cib)\v\l^, 
where is the annulus defined in Lemma 2^. By equations ( 4.14D -( ^n6 ), 



(4.14) 



(4.15) 



(4.16) 



T^vfx) ^^«^v(X),tu < C{b){t + \v\p)\v\l^. 



jiX) 



The next step is to apply Lemma 3.2 or Corollary 3.6 whenever possible. Let 



F+=ev*rP"® (g) FiT, F-=FT, = ( i^i'?')^^, = W| ev*rP"; 

<^'^{[X,v]) = XsT.,x^Vhi, (l){[b,vf\) = [b,Vh^ ®Vh^], a'{4>{v)) = 7r^.(6^)ar''(^)- 

Note that a^^T{S]F~^*(^0^), since 7r~oXss = 0. Since the map {X,v) — >{X(^Vhi,v) is injective 
on F^T , we can view ip^ as a map on an open subset of F~ © Analogously to the first-order 



case of Subsection L2, subset K C St^i{h) will be called second-order regular if a has full rank 
over K. 

Corollary 4.15 Suppose d is a positive integer, T = (S, [iV], /; j, d) is a simple bubble type, with 
(ig = and '^di = d, and ^ is an N -tuple of constraints in general position such that 

codim^fj, = d{n + 1) — n{g — 1) + A^. 

7r|;T*S(K)vrp„TP") be a generic section. If\I\ > 1, for every second-order regular 
compact subset K of Sq- ^i{fj,) , there exist a neighborhood Uk of K in C'^^.jjyj^(S; /x) and ex>0 such 

that for any t G (0, ex), Uk H MT.,d,tv{p) = ^- If \I\ = there exists a compact regular subset Kq-^i 
of St^i{ii) with the following property. If K is a compact subset of St-^i{^) containing Kq-^i, there 
exist a neighborhood Uk of K in C'^^.j^j^(S; yu) and ex > such that for all t G (0, eK), the signed 
cardinality ofUK H M.T,,d,tu[lJ') equals to twice the signed number of zeros of the map 

rS®2^L^2,|5r,i(A^) ^ ® ei;*rP", [bM + a'^^'-^ibM) ■ (4.17) 
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Proof: In either case, by Theorem |2.7| , there exist a neighborhood Uk of K in C|^.jjyjj(E; //) 
and Ski^k > such that for any i G (0, there exists a sign-preserving bijection between 
Uk n A4T.,d,tu{fJ-) and the zeros of on F^S^j^ \ {UK^Sr,i{lj)) , provided UK(^S'r,i{fJ-) is precom- 
pact in Sr,i{^j)- If is second-order regular, f/j^ can be chosen so that the closure of C/A'n5r,i(/^) 
in Sq-^iip) is also second-order regular. Since K is regular and is injective on all fibers. 



{v)\ <CK\a~{<P{v))\ 



where Ck, C'^ >0 depend only on K. Thus, by Lemma 4.14 , 



ti>ev(fe^) + ^^^ar;iM) <CK{t + \Tu\-v){t+\^^^ar;i{'^)\) ymeF^Ss^\K, 



where Ck > depends only on K. The first claim now follows from Lemma 3.2. The second 
follows from Corollary provided that for a generic u the set of zeros of the map in ( 4.171 ) is 



second-order regular and finite. This last fact is proved by the same argument as Lemma 4.8 



4.5 Third-Order Estimate for V'rt;^' Case 1 
We continue with the case of Section Then 

(2) 



(2) 

By Corollary |6^, for a generic choice of the constraints fii, ■ . ■ , ^in, T^j- is transversal to zero 



along 5'7-,i(^) if d^^ > 2. Since the zero set of T>)j- must have dimension at least (imin('?") ^ 1 by the 

I 1 (2^ 

same argument as in the proof of Lemma |4.10| , T>)j- does not vanish along ST,i{fJ-) if dh^ >2. On 
the other hand, if dhi = 1, St,i = 0, since the differential of any degree-one holomorphic map from 
S"^ to P" is nowhere zero. In fact, Sq-^iifJ-) = even for d^^ =2, since the image of any degree-two 
map with a somewhere vanishing differential is a line, and no line intersects fJ-i, ■ ■ ■ , ^j-n if n = 2, 3. 
Thus, we can assume dh^ >3. It follows that the only way the above homomorphism a~ can fail 

~ — (2 — ) (2) 

to have full rank on F is if s^^., =0. While s^^. depends on the choice of the metric g^^ on S, 

the section s^'^'~^ Er(S;r*S®^ Ti-^) is independent of the metric and is globally defined on S. 
This can be seen by a direct computation. It has transverse zeros at the six branch points of the 
double cover S — induced by ss; see |1GH| , p246]. Denote by zi, . . . ,zq these six points. Then 
the set on which a~ fails to have full rank is [j s!f^^{fj,), where 

mG[6] 



Am) 



The sets are obviously disjoint. 

Since the normal bundle of s!f^^ in 5r,i is Tz^Tj, the normal bundle J\fS of s!f^^ in A4r{fJ-) is 
Tz^Ti (BMSi, where MSi is the normal bundle of 5r,i in A4r(/i), as described in the previous 
subsection. Let (<I>5,<I>^) be a regularization of S'^1{ijl) induced by the regularization of 5r,i(Ai) 
described in Subsection 4.4. In particular. 



i ev*rP", 



(4.18) 
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where 4's is the Hft of i;^^ to We can also assume that is given by the gipn^fe-parallel 

transport on MbSi. The bundle MS carries a natural norm induced by the gpn ev-nietric on P" and 
5. Q-metric on E. Denote by FS and F'^S the bundles described in Subsection 2A corresponding 

to the submanifold S^^. If {b,w,X,v)(^F'^S is sufficiently small, let 

x^(w,v) = x^{(l)s{w,X,v)) = x^{(ps{w,0,v)) G S. 

We identify a small neighborhood of in S with a neighborhood of in T^^S via the ^(^q- 
exponential map. Put 

If {b,w,X,v)^F'^S\s!f^i{fi) is sufficiently small, let 
where, with 93^ as in Theorem p.7| . 



Lemma 4.16 There exist 6,C eC°°{s!f'l;R+) such that for all w = [{b,w,X,v)]eF'^Ss, 



^il{uj)~^^'fsi^) + ^'fsi^)^b,<i,s{x)aiw,X,v) < C{b)\w\\v\i^. 



Proof: The proof is the same as that of Lemma [4.13 , except here we use the first three terms of 
the expansion of Proposition 4^. Note that < C{b){\w\ + \v\). 



Lemma 4.17 There exist S,C eC'^{s!f'l{n);R+) such that for all m={b,w,X,v)€F^Ss 



'>Ps,tui'^) - i^^evib) + a^'iw, X, v)) ^ < C{b){t + \w\v){t + \v\l^ + \5:i {w, v)\\v\l^). 



Proof: The proof is similar to the proofs of Lemmas |4.q and [4.14| , but we need to obtain an even 
stronger bound on 



I r-, A II 

F*s{ro),--'^*s(^)^*s(^):*'^ lb- 
Let {V'j} be an orthonormal basis for Ti!^ such that ^1 G {^hi {w, v)) , and {Xi} an orthonormal 



basis for T^^(^^^(^x,v))^'^ ■ Then, as in the proof of Lemma 4.14 , with v{w) = ^s{w), 

= 0; (4.19) 

<«(l),^^*5M?-M,t-^^'M^V'2»| < + |t;|i)||Z):(„)i2„(^)X,V2|L(„),i. (4.20) 

The one-form -02 vanishes at XhAw^v) by definition and ||V^2L - c° ^ C\xh {w,v)\, since the 
derivative of the corresponding one-form for Zm vanishes. Thus, by equation ( |2.12| ) 

|2 



(4.21) 
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as needed for our bound. Finally, we use our assumption that is given by the g-parallel 
transport on MbSi . 

For any {w,X,v)^F^S\s!f^^{fi) sufficiently small, let 



Corollary 4.18 There exist 5, C G C°°(5^™^(;u); M+) such that for all w = [{b,w, X,v)]e F'^Ss 

xiK.)V'^,t.(«^'^'^) - iK,M^b + Y{w,X,v) +r+Jv))\\^ 

<Cib){t + \w\"p){t+\v\l^ + \xi{w,v)\\v\l^); 



< C{b){t + \w\v){t+\v\l + \x^{w,v)\\v\l^). 



Proof: The first estimate is clear from Lemma 4.17. For the second, note that since s.l, = 0, 



I Xj^(W,V) Zm 



T^zml — t")!^, and thus 

(2,-) . (3,-) 



b,Zm 



(w,v) 



''[w,X,v) — ^^^a^.^{w,v] 



< C{b)\{t,w,X,v)\mx^{w,v)\\dh,\^ + \vh,\^) 



Furthermore, \ip'^ ^^{w , X , v)\b < C{b){t + \w\p] 



The next step is to apply Lemma 3.2 and Corollary 3.6. Let 



F+ = W+ » ev*TP", F~ = FT, =71%® ev^TP"; 



FiT 



IT 



F-=T,^^® ^ 

cj){[b; w, Vf]) = [b, X|(^^„) ® Vh^ (g) Vh-^ , ® Vhi] ; 
+a{w,v) = r+.,(t>), a+(Y) = nt^Y, a-{^{w,v)) = '^^^ a^^" {w , v) . 



Note that a~ £T{S;F~'* 0~) is well-defined. Since the map 

{w, X, v) — > {Y{w, X, v), w, v) 
is injective on F'^S, we can view ip^ as a map on an open subset of F~(B 
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Corollary 4.19 Suppose d is a positive integer, T = (S, [A^], I; j, d) is a simple bubble type, with 

dQ = and ^di=d, and ^ is an N -tuple of constraints in general position such that 
iei 

codimcij, = d{n + 1) — n[g — 1) + A^. 

Let I'G r(S X P*^; K^''^t:^T*Yj(^ vTpnTP") be a generic section. If \I\ > 1, for every compact subset K 
of S^^{li), there exist a neighborhood Uk of K in C'^^.j^j^(S; /x) and ex > such that for any 
t£{0,eK), Uk ^ MY;,d,tuifJ') = O- If\I\ = ^> there exists a compact subset k'^I of SrAifi) with the 
following property. If K is a compact subset of (^) containing K^f^^ , there exist a neighbor- 
hood Uk of K in /i) and eK > such that for all t £ {0,eK), the signed cardinality of 
Uk n A^s,d,<j^(/^) equals to three times the signed number of zeros of the map 

[b,w,vi] + {vf^^b)sf^Z!^^) + i^?.ib)s^^;-\v). (4.22) 



Proof: The proof is similar to the proofs of Corollaries 4.7 and 4.15| , but two modifications are 



needed to be mentioned. First, we need to show that a always has full rank. Since we are 
assuming that dh^ > 3, the sections ^Thi' -^Thi have transverse images 

in TP''. Thus, the sections of P(ev*rP") — >S^]{n) induced by V^,^^ and V^^^^ are mutually 
transversal. However, the fiber dimension of P(ev*TP") is n — 1, while the dimension of S^\{^) 
is re — 2. Thus, the two sections do not intersect and a~ has full rank on all fibers over s'>Pl{ii). 



The second difference with the proofs of Corollaries 4.7 and 4.15 is that we replace the section 
'^s^tv by the map 

iw,v,X) — > vr^ vr"*" , s^ib^ .(w,v,X) -\- ■k~ tt~ , .ib'i ,^(w,v, X), 
which has exactly the same zeros provided w and v are sufficiently small (depending only on S). 
4.6 Second-Order Estimate for tpt^f^, Case 2a 



We now understand all cases except for (2a) and (3b) of Corollary [4.12 . Let {/ii,/i2} = {1,2} in 



Case (2a) and {2,3} in (3b). By dimension count as in the proof of Lemma 4.10| , T>T,hi and T^tm 
do not vanish on A47-(/i) in these two cases. By Corollary |6.3| , vr^ o 'DT,h2 is transversal to zero, 
where vr^ denotes the projection onto the orthogonal complement Ei of the image of 'DT,hi in 
ev*rP". Since 

ariv) = {Vr,h^by)sY.,xj^^^^^{vtn) + (^?r,h2^i')'Ss,x;^^,^)(wfe2), 

aq- can fail to have the full rank only on the zero set of vr^ oVq-^h^. Furthermore, SY,,Xy^ and 

must have the same image in ■ This is automatic in Case (3b), since /ii (T) = /12 (T) = i , but 
in Case (2a), this means that X| and differ by the nontrivial holomorphic automorphism of S; 
see pH, p254]. 



We first treat Case (2a); so we can assume hi = 1, /i2 = 2. Let S = 5r,2 denote the subset of Mr 



on which the section aj- has rank one. By Corollary 6.3, this is a complex submanifold of Air. 
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Furthermore, S = SqX Si, where Si is the subspace oiUf on which the operator Pr,2 5 defined as 
in the proof of Lemma 4.10| , has rank one, 

•So = {{xi,-xi): xjeE*}, 

— X| G S denotes the image of xj under the nontrivial automorphism of S, and S* is the subset of 
S which is not fixed by this automorphism, i.e. the complement of the points zi, . . . ,zq described 



in Subsection |4.5| . By Corohary 6.3, Si is a complex submanifold ollAq-. The normal bundle of 5 
in Air is 

MS = MSo © MS I , where MSq = vr^ ^TS, MSi = L*^^0Ei, 

and 7rx;,/i : Sq C SxS — > S is the projection on the hth component. Let ($5, be a regularization 
of 5r,2(M) = '5 n TWr (z^)- This regularization can be chosen so that 

4sib,xpr,2^s{b,X) = n,^^^(,,,)X V(6,X)gAA5i = Ei, (4.23) 

where (^5 is the lift of (ps to Mi^\ We also assume that <I>^ is given by the (7pn ^-parallel transport 
on MbSi . Since the section s is invariant under the automorphism group of S, we identify vr* .TS|5o 
with vr^ jTSl^o- If (b^w) gMSq is sufficiently small, let 

X2(u') = expb 

The bundle carries a natural norm induced by the ^(pn g^-metric on P" and 5, g-metric on S. 
Denote by FS and i^^iS the bundles described in Subsection 2A corresponding to the submani- 
fold St, 2- If {w, X, v) G FS =MS © FT, put 



a{w,X,v) = nj,j^(^^^)(^(P^|(/)5(6,X))sE,^j(fi) + {V^2(t^sib,X))sY;^^^(^){v^ 

+((i';>)''g,(''i) + (i'?ii')4!4(«. 

If (tf, X, G F'''5|57-,2(Ai) is sufficiently small, let 

a^{m,X,v) = ((P^_^^_,(u,,.Y,i.))«E.,,(i.j) + (P^ ^(a., A', t)))ss,^.j,„,(t.5)) 

where, with as in Theorem 



Lemma 4.20 There exisi 5, Cg C°°(5; M+) such that for all w = [{b,w, X,v)]e F'^Ss, 



Proof: The proof is analogous to the proof of Lemma |4.1q ; here we use Proposition |4.4| with two 
terms for h=l and two terms for h = 2. 
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Lemma 4.21 There exisi 5, C G C°°(5r,2(^); M+) such that for all w = [{b,w,X,v)]£F'''Ss, 
^s,tui^) - i^'^evib) + a^iw,X,v)) < C{b)it + \w\^){t+\v\^ + \w\\v^\). 



Proof: As in the proof of Lemmas 4.14 and 4.17 , we need to obtain an appropriate estimate on 

1 1 -^<E>s M -^-I-S M V'2 1 1 ^1 , 

where ■02 is a (0, l)-form vanishing at xj and with norm 1. From equation ( |2.1l| ), we see that 
the L^-norm over the smaU annulus centered at xj is bounded by C(6)|fjp; see also the proof of 
Lemma 4.14, Furthermore, since is "dual" to xj, ip2 also vanishes at xg- Thus, the L^-norm 
over the small annulus centered at X2{w) is bounded by C{b)(\w\ + 1^21)1^^21 seen from 

equation 

Let s'^^m^ eT*^!:. be given by s^^^;^\v,v) = s^^J^\v)sy:,z,Av)- For any heSr,2{lj), define 
k(6)g(L^^ j-{0}) and ^(6)gL^^®L^ j by 

where vrfe : ev*TP" — >Im(2?^ j) is the orthogonal projection map. If {w,X,v) G F'^S\S'r,2{fJ') is 
sufficiently small, let k{w,X,v)£C* he given by 



Note that by Theorem g^, \h{w,X,v) - k(6)| < C{b){t + \w\p). Let 

(2)a^^2(-,-2) = (^r,i^)4;:H->-2) + (^?>)4i:H-(^)-2) + (^?,i&)4i:H-2); 



Let y = y* + y-L and = Tit^Vb- 



Corollary 4.22 There exist 5, C G C°°(5r,2(^); such that for all w=[(b,w,X,v)]eF''^Ss, 
^xjV'^,t.M-K" + ^'^«r;2K^'2)) <C{b){t + \Tu[i-')[\v\''+\w\\v^\+\Y\). 



Proof: The proof is similar to that of Corollary 4.18, but we use 

•se.x^mK) - {sT.,x-^{v^) + sfl.^{w,v^)) < C{b)\w\^\v^ 
We also use I (P^ ^ Jw,X,v)) \ > Cib)~^. 
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The next step is to apply Corollary S.C. Let 

F+=n^(^ ev*rP", F-= vr* jTS © F^T, = Ti.^ (g) ev*TP", F-= vr^ jTS ® © F2r®2; 

0([6; ui, fj]) = [6, tt; © "^2' "^2 ® ^2] ' f^)) = ^^^a^ 2(''^) ''^s)' '^'^'''{w, v) = r^.^{w, v). 

Note that a~ eT{S; F^* © O") is well-defined. Since the map 

{w,X,v) — > (Y{w,X,v),w,V2) 

is injective on ^"^5 as long as 5eC°°{Sr,2{l^);M.+) is sufficiently small, we can view , as a map 
on an open subset of F' ®F+. 

Corollary 4.23 Suppose d is a positive integer, T = (T,,[N],F,j,d) is a simple bubble type, with 
I = {1,2}, MqT = ^, (iQ = 0, and '^di = d, and /x is an N -tuple of constraints in general position 

such that 

codimcn = d{n + 1) — n{g — 1) + A^. 

Let V G r(S X P"; A'''-'^7r|,T*S © 7rp„TP") be a generic section. Then there exists a compact sub- 
set K'T,2 ofSr,2{lj) with the following property. If K is a compact subset ofSr,2{p) containing Kq-^i, 
there exist a neighborhood Uk of K in C'^^.j^j^(S; //) and e/^- > such that for any t G (0, ex), the 
signed cardinality of Uk H MT,,d,tu{lJ') equals to twice the signed number of zeros of the map 

'K*j,TT.^^ © © |s* ®Ur{ii) ^n^® ev*T¥^, 

[{x,b)-{w,v)] V, + (V^^^b)sf-\w,v) + (v'f-^)sf-\K(b)v) + (V'f^^b)sf-\v). (4.24) 



Proof: The proof is similar to that of Corollary 4.15| . We only need to see that the section a~ defined 
above has rank two. If (i| = = 1; the space 5T,2(Ai) = 0; since any two tangent lines in P" agree, 
and no line passes through all of the constraints /xi,... ,ij-n if n = 3. Thus, it can be assumed 
that > 2. Note that 5''r,2(/u) is one-dimensional, with the only dimension coming from the 
singular point xj G S. Thus, by Corollary |6.3| , if the constraints Hi, ■ ■ ■ ,^jln are in general position, 
the image of ^.j- j does not lie in the linear span of (P^ 2^) and {V)^'^^- Furthermore, (P^ gb)^^^ 

4.7 Second-Order Estimate for V'rti/' Case 2b 



We now treat Case (3b) of Corollary 4.12 ; we can assume hi = 2, /i2 = 3. Let S = Sr,2 denote the 
subset of Mt on which the operator Pt,2 of Lemma 4.10| has rank one. Similarly to the case of 
Subsection 4^, 5 is a regular submanifold of Air with normal bundle J\fS = L*^ ^ © Ei. As before, 

we can choose a regularization (<I>5, <I>^) of 5r,2(/^) = 5 n M.r{p) such that 

where ^5 is the lift of <j)s to and is given by the ^(pn^fc-parallel transport on MhS. Denote 

by FS and F^S the bundles described in Subsection 2A corresponding to the submanifold 5r,2- If 
(X, v) e FS = NS © FT is sufficiently smah, let 

a{X,v) = (V^2't's{b,X))sY.^x^{v){v2) + {T^r,7i^s{b,X))sY.,x^(v){h)'^ 

d'^iX,v) = (P^^^.(X,t>))s2,S,(.)(S2) + (^^,,3(^,^^))sS,X3h(^3)> 
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where, with ip^ as in Theorem p.7| , 



Lemma 4.24 T/iere exist 5,C eC°°{Sr,2]'^'^) such that for all w=[{h,X,v)]£F''^Ss, 



Proof: This lemma is immediate from Proposition 4.4 applied with one term for each /i = 2,3 



i^s,tui^)-i:t^b + a^{X,v)) ^ < C{b){t+\m\p){t- 



Lemma 4.25 There exist 6,C eC°°{Sr,2{fJ-);'^^) such that for all w = [{b,X,v)]eF'^Ss, 

il(l^2l + l^3l))- 

Proof: As usually, we only need to obtain a good bound on 



where the notation is as in the proof of Lemma 4.2L By equation ( 2.11] ), the L^-norm on the 



small annulus centered at x^{v) is bounded by |^2l • Since Q-distance between X2{v) and X!^{ 
is bounded by C(6)|t>j|, the Li-norm over the annulus centered at x^{v) is bounded by 



Vn . 



For any b e Sr,2{^), let G (L^^ " {0}) be given by {V^^^b) = K{b){V^^^b). Define 
k{X, v) e (L^ g 2 - {0}) for (X, v) G F®5|5r,2(Ai) sufficiently small by 



Note that by Theorem p77|, \k{X,v) - k(6)| < C(6)(t + \w\v). Let 



3;' 



(2) 



«r;2(^) = (^r,2^)4ii^(^i'^2^^2 + a^3'^(^)^*3)- 



y^(X,i;)=Xss,.j(i): 
Let Y = Y^ + Y^ and z^^^ = 7r± P^. 

Corollary 4.26 There exist 5, C G C°°(5r,2(Ai); 1^+) such that for all w=[{h,X,v)]eF^Ss, 
-K^.^l^ltM^w) - [tut + y{X,v))\^ < C{b){t + \w\-p){t + \v-,\i\v^\ + 1^3!) + 

^x,i^S,tui^) - + ^'^«r;2M) , < Cmt + |tZ7|F)(t + + \v^\)) . 
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Proof: This claim is proved similarly to Corollary 



4.22. 



The next step is to apply Lemma 3.2. Let 

F+=n^(^Ei, F-= FT, =n^0 ev*TP", F~= tt*^T^ F^T; 
(j)[[b; v]) = [b, vi (gi {X2V2 + x^K{b)v^)] , a~ {(piv)) = ^"^^a^ 2('^); a{X, v) = Y(X, v) + *^^^q.^ 2 (''-')• 

Note that Gr(5; F~* O^) is well-defined. Since the map 

{X,v) {Y^{X,v),v) 
is injective on F^S, we can view ipg as a map on an open subset of © F~ . 

Corollary 4.27 Suppose d is a positive integer, T = (S, [A^], /; j, d) is a simple bubble type, with 

I = {1, 2, 3}, = {2, 3}, (Iq = 0, and '^di = d, and ^ is an N -tuple of constraints in general 

iei 

position such that 

codimcfj, = d{n + 1) — n[g — 1) + A^. 

Let V G r(S X P"; A'^'^Tr^T*^ ® 7rp„TP") be a generic section. For every compact subset K of 
St-,2{^J'), such that xj(6) G S* for all b £ K, there exist a neighborhood Uk of K in C'^.j^j^(S; /i), 
where d = Y^dh, and e/^ > such that for any t G (0, e/^-), Uk H M.T.,d,tv[l^) = ^- 

Proof: The set 5^ jIm) = {^^Sr,2{lj) : G S*} is an open subset of 5r,2(^) on which the section a~ 
has full rank, since ^^^-g does not vanish on 5'r,2(/^)- Note that the dimension of S'r^2ip) is 1, the 



rank of F is also 1, while the rank O is 3. Thus, the claim follows from Theorem |2.7| , Lemma 3^, 
and Corollary |4.26| , provided 

\vi\{\v2\ + \h\) ^ C'W(l^ill^2^2 + 2;3K(6)i)3| + 

for some CGC°°(5f 2(^);1R+)- By definition oiY\X,v), 

+ K{b)v^\ < \Y\X,v)\ + (7(6)1x2^2 + X3'^ib)v2\- 

Since /xg, 

\Vi\{\v2\ + {VsD < C{b)\vi\{\v2 + l^ib)v^\ + \X2V2 + Xr^K{b)Vr^\) 

<C'ib)\vi\{\x2V2 + x^Kib)v^\ + \Y\X,v)\). 
4.8 Third-order Estimate for ip^ tu^ Case 2b 

It remains to consider gluing along the subset 5^2'' (^) of •St,2{ij-) consisting of bubble maps b such 
that xi{b) = Zm, one of the six distinguished points of S. Let 

S = s'P^l = {beSr,2- xi{b) = Zm}- 

The normal bundle of in Mr is J\fS = Tj^S © MSi, where MSi is the normal bundle of 5r,2 

in M-T described in the previous subsection. Let (<I>5,$^) be a regularization of s'^l{^) induced 
by the regularization of Sr,2{P') described in Subsection ^.7|. In particular. 



4s{b,x)i^r,3Mb,w,x) = n,^^^(,,^,x)X y{b,w,x) g r,„s ©aA5i = r,„s © e^ 
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where 4>S is the hft of (ps to M-^\ We also assume that $^ is given by the (^pn ^-parallel transport 
on MhSi. The bundle MS carries a natural norm induced by the gpn ^e^-metiic on P" and g- 

metric on S. Denote by FS and F'^S the bundles described in Subsection 2.4 corresponding to the 
submanifold s!f^2- {b,w,X,v)&F^S is sufficiently small, let 

Xh{w,v) = Xh{4's{w,X,v)) = Xh{4>s{w,0,v)) e S, h = 2,3. 

We identify a small neighborhood of Zm in S with a neighborhood of in Tz^T, via the g^^- 
exponential map. Put 

a{w,X,v) = U~^^^f^^^.^(^{V^^^(psib,X))sY;,x^(uj,v)iv2) + {T^T,3^s{b,X))sj:^i^(^^^^){v^) 

where, with 99^ as in Theorem p.7| , 
With K.{b) as in the previous subsection, let 



Lemma 4.28 There exist 5,C £C°°{s!f^^;R+) such that for all w = {b,w,X,v)£F'^Ss, 



Proof: This lemma follows from Proposition 4.4 applied with first- and second-order terms. 



Lemma 4.29 There exist 6,C >0 such that for all w = (b,w,X,v)£F'^Ss\s!^2{l^) 



^s,tuM - + a^'{w,X,v)) < C{t + \w\p){t + ilvil"^ + 



+ l^3l))- 



Proof: Note that the space is zero-dimensional and compact if n = 3. As before, we need 

to bound 

1 1 -^<E>S (tij) -^*S (1^7) -'^i ^"2 1 1 ^1 , 



where the notation is as in the proof of Lemma 4.21. By equation (|2.11|), the L^-norm on the annulus 



centered at = x^{w, v) is bounded by (Ix^l 1^2! + 1^2 1^)1^2 1' '^^ile the norm over the other annulus 
is bounded by (|x2ll'yil + l^iP)l^3l5 since the (7^^ g-distance between and xg is bounded by C|uj|. 
See the proof of Lemma 4.17 for more detail. The claim follows from X2 = w + x^Wf • 
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Lemma 4.30 There exist S,C>0 such that for all w = {b,w,X,v)£F'^Ss\s!f^2{l^)' 



a 



^{w,X,v) -a+{w,v) <C{t + \w\p){\ 



Va + Vf, 



I); 



— — — / 



+ l^3l); 



Proof: The first bound is clear from the definition of a^, since 



Since sP' ^ = 0, 



7r^/Sivh)\<C{\S:^\ + \v~,\)\v,\\ 



(4.26) 



where x/^ = Xh{w, v). Since Xo — 



[X^ 



(3) 



Vn . 



Since vr-.ss,^^ = and Sj,^^ 



(2,-) 



)^i'^3) -4^J(^2'(^3 -^2)^1'%) ^ C'l^2l^l^'ill*3l; 



,{3,-) 



l2l~ 



""xALHH - H>V (H - H>vh) - «mJ((^3 - ^2)^!' (^3 - 2^2)^1 '^3) ^ <^l^2ll^il"l^'3l- 



Putting the last three equations together, we see that 

^555^3(^3) (^3' (^3 -^2)^!' ^3) ^ <^(l^2l + l^iDd^sll^il + l^iHl^sl- (4-27) 

The second bound fohows from equations ( [4. 261) and (4.27). The last estimate is proved similarly. 

Corollary 4.31 There exist 6,C >0 such that for all w = {h,w,X,v)^F^Ss\s'^'^!'l{ii), 



(4.28) 



Proof: In light of Lemma 4.29, it is sufficient to show that 

{\v~^\ + \w\)y,\{\^\ + \v^\) <C\a^{w,X,v)\ 

for some C>0. Since (l*^ 2^)ss,^„, iPr 2^)^^b lrr! ^'^'^ (-^T 3^)'^i'2,J ^re nonzero, by Lemma 4.3C 
\v!^ + ^(6)^3! < ci^a^'iw^X^v)] +{t + \'od\v){\^\ + \v^\)y, 
\xh\\vi\\vh\ < c{\^a^'{w,X,v)\ + (t + |t^|i)(|t;j| + \w\)\vi\{\v^\ + \^)). 
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Since K{b)^0, x-^i^x^^ and x/i = ^i)+x/^^' |, we obtain 

(l^il + l^^l)l^^il(l^'2l + l^al) ^ C'(l^2l + l^3l)l^il(l^2l + l^sl) 

< C (\,x-^\\vi\{\v~^\ + \v'^^ K[h)v^^\) + |x3l|t;il(|i)3l + l^g + ^(6)7)31)) (4,29) 

< C"(^dL^(w,X,v)\ + (t + + |w;|)|w||(|u2l + l^al))- 
If b is sufficiently small, estimate ( [4.28 ) follows from ( [4.29 ). 



The next step is to apply Lemma 3.2. Let 

F+= L* -(S) El, F~= T^^T. e FT, 0=^ = W| ev*TP", F-= vr^jTS^^ ® L®^ ; 

v]) = [b, {w + x^vi) ((^2 - a;^)^! ) <8) ^2] ! 
tj)) =a^(w,f), a{X,w,v) =a^{X,w,v). 

Note that a" Er(5;F"* (g) O") is well-defined. 

Corollary 4.32 Suppose d is a positive integer, T = (S, [N],F,j,d) is a simple bubble type, with 
I = {1, 2, 3}, Hj^T = {2, 3}, dp = 0, and ^di = d, and ^ is an N -tuple of constraints in general 

position such that 

codimcij, = d(n + 1) — n(g — 1) + A^. 
Let V G r(S X P"; A'^'-'^vr^T*^ ® 7rp„TP") be a generic section. There exist a neighborhood U of 

^(m) 



(n) m C^^.j^j^(S; /i), and e>0 such that for any t£{0,e), U Ci AiY:,d,tu{^J')=^■ 



Proof: Analogously to the proof of Corollary 4.19| , we apply Lemma to the map 



iw,v,X) 



vr ' TT 



,{w,v)^s,tu(W' V, X) + TT^^TT ,^^i;^^^^{w, V, X) 



instead of '4'stu- claim then follows from Theorem 2.7, Lemma 3.2, and Corollary 4.31 



4.9 Summary of Section ^ 

We conclude Section ^ by reviewing the main results so far. Throughout this subsection, 

T = {Y.,[NlI-j,d) 

is a simple bubble type, with d = '^dh and = 0, and /x is an A^-tuple of constraints in general 
position such that codimc/U = (i(n+l)— — 1)+A^. 



If |/| >n, by Corollaries 4.11| and [4.12| , there exist a neighborhood Ur of A^r(/u) in C^^.jjyj-|(S; fi) 
and er>0 such that for ah t e (0, er), C/rnA^E,d,ti.(/") = 0- This is also true if i/gT //orMgT /0. 



If n = 2, this statement is just Corollary 4.11. If n = 3, we only need to consider Cases (1), (2b), 
and (3b) of Corollary 4.12 . Case (3b) follows from Corollaries |4.7| , 4.27 , and 4.32| . The claim for 
Case (2b) is obtained from Corollaries 4.7, 4.15, 4.19] and the same claim for Case (3b). Finally, 
in Case (1), we use Corollaries O, 4.27 , and 4.32| , the statement of Corollary 4.12| for \i\ >2, and 
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the just stated result for Case (2b). 

If |/| <n, HqT=I, and MqT = (/>, i.e. T is a primitive bubble type, by the previous paragraph and 
Corollaries O, 4.15 , 4.19 , and [4.23| , there exist a neighborhood Uj- of 7Wr(/^) in C'^^.j^j^($]; /u) and 
er > such that for all t £ (0, er), the signed cardinality nrifJ-) of Ur n M.^^d.tuifJ') is the sum of 
the numbers given by these four corollaries applied to T. If |/| = 1, 



(1)/ 



(2), 



where the numbers n[''\fj,) are described as follows. The number n^^''(/u) is the signed number of 
zeros of the affine map 



(4.30) 



W^'^ (g) ev*rP'', 



'l/j'^\x,[b,Vl\) = n+ (2?r_i6)ss,a;(^i), 



(4.31) 



where the bundles are considered over T,xUq-{fi)=M'j-{fj,) and 1 is the unique element of /. Note 
that this number is the same as the number of zeros of the map in (4.11), since T,xIJq^{fi) — Ai']-{fi) 
is a finite union of smooth manifolds of dimension less than the dimension of A^r(/^)- Thus, if 
is generic, ip^^ has no zeros over S xZ^^(/x) — A^7-(/x). The number n^^\ii) is the signed number of 
zeros of the affine map 

4')(x, [6, v^]) = + {V^^\b)4;;\vi), (4.32) 



where the bundles are considered over Sx5i(/u) and Si{fi) is the closure in Uf{^) of the space 

Sl{^i) = {beUfifi) : ^r,iL = o}- (4-33) 

If n = 2. Slip) is a finite set and thus Si{fi)=Si{fj,). If n = 3, Si{fi) is one-dimensional over C. The 
boundary Si{fi) — Si{fi) is a finite set, as can be seen from the estimate on 'D^ ^ of Theorem 

Thus, in either case, the maps in (I^D and ( p^ ) have the same zeros. Finally, the number (fi) 
is the signed number of zeros of the affine map 



^(3) . ^5.®3 



(g) ev*rP", (4.34) 

where the bundles are considered over Si{^) and Zm is one of the six distinguished points of S. By 
the same argument as above, this number is precisely the number of zeros of the map in (4.22). 

If |/| = 2 and n = 2, n'T{ii) = rSp {p.) is the signed number of zeros of the affine map 



n 



0,1 



' ev*rP" 



(4.35) 



where the bundles are considered over x U-f{^) = S| x x Ufip) and 1, 2 are the two elements 
of /. By the same argument as before, the number rSp is the same as the number of zeros of 
the map (^^ . If |/| = 2 and n = 3. 



(4.36) 
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where (/i) is defined the same way as in the n = 2 case, while (/i) is the signed number of 
zeros of the affine map 

. ^^552 ^ ^ j^®2^^ — >n^(^ ev*rp", (4.37) 

where the bundles are viewed over S x Sq-{fi), 

Srifi) = {beUr{^^):7^f,^oV^^^\^^^=0}, (4.38) 

El is the quotient of ev*rP" by Im(!D^j), tt-*- : ev*TP" — > i?i is the projection map, and 
J is a nonzero homomorphism. Note that Sq-{^) is a finite set with our choice 

of constraints. Finally, if |/| = 3 and n = 3, nq-^^) = n^\fi) is the signed number of zeros of the 
affine map 

V-^^^ : TSj L^ i e TEg L^^^ © TSg ® L^^ — > w"'^ ® ev^TP'^, (4.39) 
'ip^\xi,X2,x^, [b,vi,v^,v^]) =i'b + {'D^ib)sj:^x^{vi) + (P^ 2^)ss,x2('V2) + (^r,3^)'5s,x3(f3), 

where the bundles are considered over S'^ x h(q-[fi) = Sj x x Sg x Z^-f (//) and 1, 2, 3 are the three 
elements of I. As before, the number (/x) is precisely the number of zeros of the map ( [4.7D . If 
m>2 and A; > 1 , we denote by (/x) the sum of the numbers n^^ (/x) over all equivalence classes 
of primitive bubble types T with \I\ = m. 



5 Computations 

5.1 The Numbers Um (fJ-) with m = n 

Our goal now is to compute the numbers n^\fj,) for any primitive bubble type T = (S, [N],I;j,d), 
and thus the genus- two enumerative invariants for P^ and P^. Most of this section is devoted to 
expressing the numbers n^\n) in terms of intersection numbers of tautological classes of various 
spaces of stable rational maps that pass through the constraints /x. These are shown to be com- 
putable in p^ ]. The procedure for counting the zeros of affine maps between vector bundles is 
described in Section ^. We start with the easiest cases. 

Lemma 5.1 If T =(Ti,[N],I]j,d) is a primitive bubble type with \I\ = n and fi is an N -tuple of 
constraints in general position such that 

codimcfi = (n -|- 1) di — n + N, 
the setU-f{iJL) is finite and n^^\iJL) = 2^\Uf{ii)\. 

Proof: The first statement is clear by dimension counting. By equations (|4.35| ) and (f4.39| ), we need 
to apply Lemma 3.11| with 

- X S2 X Z^.3^(^), ifn = 2; [tT^i® i®TT.^® ^, ifn = 2; 

1 X X X Z^^(/u), ifn = 3; [TSj © j © TS^ ® L^ 2 ® ^^3 ® -^r 3' if "- = 3, 
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= n^^ ev*rP", and a given by ( ^^351 ) and (|439|). By Lemma p^ , aGr(A^; ® O) has full 
rank on every fiber of E. Thus by Lemma 3.11, 



= {e{0/a{E)),[M]) = {c{0)c{E)-\ [M]). 

Since Uq-{^) is a finite set, 

'TSjeTEg, ifn = 2; 



(5.1) 



TSjerS2©rS3, ifn = 3; 



Let yh = ci{TT.h)- Thus, if n = 2, by ( |5l] ) 



= ((1 + (yj \ = (y^y,, [S J X S^] ) |Z^r (/^) I = 4|Z^r (/^) I , 

since {yh, [S/i]) = — 2. If n = 3, we similarly obtain 

n?{fl) = {-y^y^y.^, [S^ X X Sg] > |Z^^(/i) | = 8|Z^^(^) | , 

as claimed. 



Let Tn{n) denote the sum of the numbers of jZ^-f taken over all equivalence classes of primitive 
bubble types T with I = n. This is the number of n-component connected curves of total degree d 
passing through the constraints fJ-i, ■ ■ ■ , Hn in with a choice of a node which belongs to all n 



components. From Lemma 5.1, we immediately conclude: 



Corollary 5.2 If n = 2, = 4r2(/u). Ifn = 3, nj^^ = Srsifi). 



5.2 The Numbers n"m{^Ji) and nm'{fi) with m = n — 1 

(2) (S) 

In this subsection, we describe the numbers rvj- {^) and {fi) with |/| =n— 1 topologically. The 
similarity between these cases is that Uf{fi) is two-dimensional (over C), while Sf{fi) is a finite 



(3), 



set; see Subsection 4.9 for notation. 



(2) 

The numbers rVj- {^) with |/| = n — 1 = 1 and \I\ = n — 1 = 2 are the signed cardinalities of the zero 
sets of the affine maps in ( [4.32| ) and ( 4.37 ), respectively. By Subsections iA and 4^, the linear 

(2) (2 —) 

part a of the affine map ^^^^ rank in these cases, except over the zero set of s^' . In 

(2 —) 

order to simplify our computations, we replace s^.' by another section that has no zeros on S, 
but so that the corresponding affine maps have the same number of zeros as the maps in ( [4.32| ) 
and ( 4.37| ). The section 



has transverse zeros at the points zi, . . . , S S; see Subsection |4.5| . Thus, it induces a nonvanishing 
section 



.(2,~) 



G r(S;rS* © W^)' wliere TS = TS^^ ^ ©(zi) ® . . . ©(zg) 



and 0{zm) denotes the holomorphic line bundle corresponding to the divisor Zm on S. The bun- 
dles TS and TS®^ can be identified on S*, the complement of the six points, in such a way that 
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-(2,-) . 



on E* for some r/ G C~(S*;M+). Let V'r denote the affine maps obtained by replac- 



(2) 



ing TS®^ and s^' ^ by TS and s^' respectively, in ( 4.32 ) and ( 4.37 ) (depending on T). Since 



,(2,-) 



■ip^ and Tp}j- have no zeros over {z„i} if is generic and s^' and s^' differ by a nonzero multi- 

(2) ~(2) 

pie on S*, there is a sign-preserving bijection between the zeros of ipj- and of V'r • Furthermore, 

~(2) 

the linear part of il^j- has full rank on every fiber. 

Denote by 52(/i) the union of the spaces Sq-{fjL) defined by equation ( 4.3^ ) taken over all equivalence 
classes of appropriate bubble types T. This set can be identified with the degree-d two-component 
rational curves in that are connected at a tacnode and pass through the constraints Similarly, 
in the n = 2, Si{n) corresponds to the degree-d cuspidal rational curves passing through the 
constraints. 



r,(2) 



(2,-) 



,(2,-) 



Lemma 5.3 If n = 2, nf'\ij.) = 2\Si{iJ.)\ and n^i' (iJ.) = \Si{fi)\. If n = 3, n'^''' (fJ,) = 2\S2{fJ,)\. 

Proof: Let T = (S, [N],I;j,d) be a bubble type that contributes to one of these numbers. By 
dimension counting and Corollary |6.3| , Sq-{^) is zero-dimensional and compact. Thus, in all cases 
the bundles L^- j^ and ev*rP" of equations d^H), (Ul) and (|4.37D are trivial. If n = 2 and A; = 2, 
we are in the case of (4.32). By the above, we can apply Lemma 3.11 with 

and aeT{Y,xSf{fj,);E* O) that has full rank. We obtain 

n^?{p.) = (c^iO) - c^{E), [Sx5^(^)]> = (4 + (4 - 6))|cS^(^)| = 2|5^(m)|. 
If n = 3 and k = 2, we are in the case of ( 4.37| ) and apply Lemma 3.11| with 

and a Gr(S x5^(;u); i?* O) that again has full rank. Thus, 

n^^\f,) = (ci(0) - c^{E), [Sx5r(M)]> = (6 - 4)15^(^)1 = 2\Sf{f^)\. 
Finally, if n = 2 and A; = 3, we are in the case of (|4.34| ). Note that all the bundles involved are 

(2) (3) 

trivial and the linear part of ipj- is an isomorphism on every fiber. Thus, nj- (fj.) = \U'f{n)\. 

The next step is to compute the cardinalities of the sets In order to simplify our answers, 

it is convenient to introduce cohomology classes ci(£^^) closely related to ci(L^^). Suppose 
T = {S'^ , M, I; j,d) is a bubble type, and {7^ = {S^ , Mf^, Ij.; j^, d^)^ are the corresponding simple 
types; see jZl[ |. For any k£l—I and nonempty subset Mq of Mj/T , we define bubble types T{Mq) 
and T/Mq as follows. Let 

T/Mo = {S^,i,M-Mo;j\{M-Mo),d\i). 



(3), 



Let r(Mo) = {S^M,i+k Uj',d') be given by 



Ji 



k, 

i, 



if / G Mo; 
if / G MfeT 
otherwise; 



Ma 



0, if i = k; 
dk, ifi = i; 
dj, otherwise. 
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The tuples T /Mq and T{Mq) are bubble types as long as dfcT^O or Mqt^MqT. If all elements of 
Aut(r) fix fc, 

^r(Mo) (^) = -^o,{i}+Mo ^ ^r/Mo ( n (5.2) 

/GA/o 

where TWq {ij+Mo denotes the Deligne-Mumford moduli spaces of rational curves with ({0, 1}+Mq)- 
marked points. If k is not fixed by Aut(T), the space Ut/Mq above should be replaced by a finite 
cover. If I S M^T for some k G / — /, we denote T{{1}) by T{1). If T is a basic bubble type, by 
Theorem and decomposition ( |5.2D , Ut{Mq){i^) is an oriented topological suborbifold of Z^r(^) 
of (real) codimension two. Thus, 

ci{C*r^u) ^ c,{L*r,u) - E ^^"rM [^-r(Afo)(^)] e H^Urif^)), (5-3) 

MoCMk,Mo^9 

where -P-D^^^^^ [Z^7-(j^fQ)(/u)] denotes the Poincare Dual of [Z^r(Afo)(/^)] ^t{p): is a well-defined 
cohomology class. Since our constraints pL are disjoint, Z^7-(A,/„)(/i) = if |Mo| >2. Furthermore, it 
is well-known in algebraic geometry that for any IgM^ the normal bundle of Z^7-(;) (//) in 1At{^) is 
^T(i) i' [ P2D . Thus, if /i is an M-tuple of disjoint constraints, 

[Urii){li)\ n ciiCr^k) = [Z^r (/)(/«)] n ci(L^(^)j) = [Z^r(o(^)] n ci(/:^(,)j), (5.4) 

since L-j- ^ |Z^7-(/) is a trivial line bundle. The above fact from algebraic geometry is only used to 
simplify notation and is not really needed for our computations. In addition, ( |5.4| ) can deduced 



from Subsection 5.7 



In the n = 3 case, we denote by V2(/^) the disjoint union of the spaces Z^r(/^) taken over equivalence 
classes of basic bubble types T = {S'^,M,I;j,d) with |/|=2. While the components of V2(/^) are 
unordered, we can still define the chern classes 

In the notation of the previous paragraph, ci(>C*) denotes the cohomology class ci(£S- , where 

we write / = {fci, ^2}- If T* = (S*^, M, d*) is the unique basic simple type such that |/| = 1, 

we denote by Vi(/i) the space Ur*{p) and by ci(£*) G-?/^(Vi(^)) the cohomology class ci(£^, g). 

Lemma 5.4 If d> 1, the number of rational degree-d cuspidal curves passing through a tuple fi of 
3d— 2 points in general position in is given by 



\Siifi)\ = (3a2 + 3aci(£*) + c2(£*), [Vi(^)] > - T2(/i), 



where a = ev* (0(1)) . 



Proof: (1) This result is well-known in algebraic geometry; see 0. Nevertheless, for the sake of 
completeness, we include a proof. Let T* be as above. By definition, Si{fi) is the intersection of 
the zero set of the section 

P = Pr* Gr(Vi(/i);L*®ev*Tp2), where L = L^,^, 



57 



with Vi(^) = Ur-itJ-)- Thus, by Corollary with dViin) = Vi(/i) - Vi(^), 

= (c2(L* ev*rp2), [Vi(/.)]> -C9Vi{;.)(^) 

= {3a' + 3aci{L*) + c?(L*), [Vi(^)] > - Cg^.^^^iV). 



(5.5) 



(2) Suppose T = {S'',[N],I;j,d) <T*, where N = 3d—2, is a bubble type such that V vanishes 
somewhere on Z//r(/u)- Since the complex dimension of Ut{^^) is at most one, by Corollary 3^, 
(iQ = 0. Let 

pr G r(Z^r(/u); Hom(J^T; FT)) and ar G r(Z^r(/u); Hom(J^T; L* ® ev*rP")) 
be the sections defined in equation ( 2.21| ). Recall that with appropriate identifications 

V{-fi^{v)) - ar{pr{v)) \ < C{bM^Pr{v)\ e J^Ts, (5.6) 

where 5,C £ C°°(^r(/u); K+) and 7^ : TTs — > ^i{p) is an identification of neighborhoods of 
Ur{p), which is smooth on the preimage of Vi(//). Note that |/|g{1,2} \iUr{p) is nonempty. By 



the proof of Lemma 4.1C, aq- has full rank on every fiber J^T — ^lATip)- Thus, by equation (|5.6| ) 
and Corollary |3.10| , 

Curi,){V)=Q if FqT/J. 

(3) Suppose \H^T\ = \I\ = 1. Then T = T*{1) for some /G [A^] and TT = TT "^L^ ^. Since aropT 
has constant rank over U'j-{p), by Corollary |3.10| and Lemma 3.11 , 

CurMi-D) = {ci{L*<g)ev*T¥')-ci{L^^i), [Z^r(/i)]> = (3a + ci(L^^j), [Ur{p)]). 

If \HqT\ = \I\ = 2, ar ° pr is an isomorphism on every fiber. Thus, C^^^(^)(D) = |Z^r(^)| by 
Corollary 3.1C. Combining these contributions to the Euler class of L* ev*rP^ gives 



Caa{^r*) = E (3a + ci(L^.(^) j),[^/r.(/)(M)]>+ E 

/6[iv] [r],|Har|=|7|=2 

= E (3a + ci(L^.(;^_j), [^^r-(z)(M)]) + T2(/i). 

/6[3d-2] 



(5.7) 



The claim follows by plugging equation (|5.7|) into (|5.5| ) and using equations (l5.3|) and (|5 

Lemma 5.5 Ifd> 1, the number of two- component rational degree-d curves connected at a tacnode 
and passing through a tuple p of p points and q lines in general position P^, where 2p+q = 4d—3, 
is given by 

\S2ip)\ = (6a2 + 4a(ci(£*i) + ci(£^)) + {cfiCl) + cUCD) + ciiCl)ciiCl), [Mp)]) - 3Tsip) . 

Proof: (1) Let T* = {S' ,[N], I*; j* , d*) be a basic bubble type such that /* = {ki,k2} is a two- 
element set, d^^, d^^ >0, c^fc^+dfcj N=p+q. Denote by 7^* and 7J the corresponding simple 
types. The proof is similar to that of Lemma 5A, but we pass to the projectivization ¥E (over C) 
of the bundle 

E = Ll® L2 — > Ur* (p), where Li = Lr*^kr 
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The section Pr*,2 of Lemma induces a section V E r(P£^;7|; (g) ev*TF^) such that 5r*(/i) 
corresponds to the intersection of the zero set of T> with FE\ij^^(^^y If ¥E' denotes the restriction 
of ¥E to dU = Ut* ifi) - Ur* by Corollary 

\St*{p)\ = (C3(7^®ev*rp3), [WE])-C^E'{'D) (5.8) 
= (6a2 + Aa{ci{L\) + ci{Ll)) + {cl{L\) + cl{L1,)) + ci(L^)ci(L*), [Z^r* (/^)] > - Cps'(I^). 

The second equality above is obtained by applying ( ^.151) . 

(2) Suppose T= (S*^, [N],I]j, d) <T* is a bubble type such that V vanishes somewhere on ¥E\i^^(^^y 
Let Ti and T2 be the corresponding simple types. Since the constraints are disjoint, up to inter- 
changing the indices, we must have 

Ti = t;, T2 = [S\ M2, l2;j\M2,d\l2) < T2* with dk, = 0. 



Furthermore, T'T^*,fci does not vanish on W7-(^); see the proof of Lemma 4.10. Thus, T> vanishes 
only the subspace 

Zr = fL2\ 



{{b,L2\b):beUr{fi)}. 
The map 7^ of Theorem induces an identification of a neighborhood of in 

FS = 7r*E J'T e 7r*EL*2 vr^Li Zt 
with a neighborhood of Zj- in P£^. Similarly to the n = 2 case, with appropriate identifications, 

V{-f!^{v,u)) -ar{pr{v,u)) \ < C{b^)\v\p\pr{v)\ \/{v,u) e TSs, (5.9) 
where /Or(^; u) = [pr{v),u}j G FS = ti*TT © '^*e^\ ® '^s-^i — ^ 

and d-r has full rank on every fiber by ( 2.21J ) and Lemma 4.1C. Thus, similarly to the proof of 
Lemma ^.4| , and Cp£;/|^^(I') = if H^^T ^l2^ and only two cases remain to be considered. 

(3) If \Hk2T\ = I/2I = 1, dr ° PT has full rank over all of Zq-- Thus, by Corollary 3.10| and 
Lemma p.ll| , 



Czr{V) = (ci(7|;©ev*rp3) _ci(F5), [Zr]) = (4a + ci(L;.^_j) + ci(L^), [Ur{p) 



(5.10) 



note that ci(7|;) = ci(I/2) = over Ur{p)- If \Hk2T\ = I/2I =2, dr o is an isomorphism on every 
fiber, and thus 



C^E'U {V) = \Zr\ = \Ur{p)\. 



(5.11) 



Note that the sum of \Ur{p)\ over all equivalence classes of bubble types T* and T <T* is 8x3 (^), 
since one of the three components of the image of each bubble map in Uq-ip) is distinguished by 
the bubble type T. As before, we now sum up equations ( ^.lOD and ( |5.11| ) over all equivalence 
classes of bubble types T <T* of the appropriate form, plug the result back into ( ^ ) and use 
equations ( |5.3D and (^^- The claim follows by summing the result over all equivalence classes of 
basic simple bubble types T*. 
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5.3 The Numbers Um with m = n — 1 



In this subsection, we give topological formulas for the numbers with |/| =n — 1. As before 
the reason these two cases are similar is that the complex dimension oiUq-ifJ') is two. 

Lemma 5.6 If n = 2, n^^\fi) = 2{6a^ + 3aci{C*), [Vi(/u)]). 



Proof: (1) Let N, T* , L, D be as in the proof of Lemma Since ss does not vanish on S, by 
equation ( [4.31 ) and Lemma 3.11 , 



A;=3 



fc=0 



(5.12) 



2(l5a2 + 12aci(L*) + ScjiL*), [Vi(^)] > - Csx7?-i(o)(a^), 



wh ere = ?t:°'^Oev*TP^ and aGr(SxVi(;u); r*SOL* 00) is the linear part of the affine map vi^^ 
of dlMl) . 

(2) We first compute C2x5i(/i)(o"'")- Since Vi(//) is a complex manifold and V is transverse to the 
zero set in L* ev*TP^ by Corollary |6.3|, we can identify a neighborhood of in 



F = L*®ev*rp2 — >Si{fi) 
with a neighborhood of 5i(/i) in Vi(^) via a map 7 in such a way that 

nfe";'(b,x) (^7(^ ^)) = ^ V(6, X)GFs. 
Then with appropriate identifications, 

(7(X)) =7r^oXsj, = as{X), 



(5.13) 



where tt-*- : O — > O"*" is the quotient projection map. In particular, has full rank if ui, Ti^ (8" ev*rP^ 
for all b£Si{fi), i.e. is generic. Furthermore, 

(T*S®L*® 0^)/(lm 05) «T*S» ((W^ «'C2)/C). 

Thus, by Corollary |3.10| , 

Csx5,m(«^) = [Sx5i(^)]> = 6|5i(^)|. (5.14) 

(3) It remains to compute the contribution to C2xX'-i(o)('^''') from Sx (Vi(/i) — Vi(^)) . Suppose 

T= (52jiV],I;i,(i) <T* 



is a bubble type such that V vanishes somewhere on IAt{ii). As in the proof of Lemma 5.4, 
|i|G{l,2} and ciQ = 0. Furthermore, 

a-^{x,-fi^{v)) - ar{x,h;pr{v)) < C{b^,)\v\p\pr{v)\ {x,b;v)£TTs, 

where a'r = '^~^ ° {st, ® «t)- If is generic, aj- has full rank on every fiber, since has no zeros. 
Thus, by Corollary |3.1C , 

CExWr(/.)(«^)=0 if H^T^i. 
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If \HqT\ = \I\ = 1, (XT o p-j- has full rank over all S xUrifJ-), thus by Corollary 3.10 and 
Lemma [3.11 



If \H^T\ = \I\=2, 



z{T*E^O^)c{L^^^)-\ [ExZ^r(/i)]> = 2(l2a + 3ci(L;-j), [Ur{fi)]). (5.15) 



(r*S®L*® 0^)/(lm ar opr) T*S ® ((W" ® C2)/C). 
Thus, similarly to the computation in (2) above, 

CsxWt(m)(""^) = 6|^r(^)|- 
Summing equations ( 5.16| ) and ( |5.15| ) over all equivalence classes of T<T*, we obtain 

Csx(Vi(/.)-Vi(A.))(a"^) = 2 X] (l2a + 3ci(L^j), [Wr-(o(A^)] ) + 6t2(/x). 



(5.16) 



(5.17) 



The claim follows by plugging ( ^.14| ) and ( |5.17| ) into (5.12) and using ( |5.3D , ( |5.4D , and Lemma 5.4. 



Lemma 5.7 //n = 3, 4^^(^) = 4(100^ + 4a(ci(£|) + ci(£^)) + ci(£5:)ci(£^), [V2(Ai)]' 



Proof: (1) The proof is essentially a mixture of the proofs of Lemma 5.5 and |5.6| . We continue with 
the notation of the proof of Lemma 5.5, but take 

^ = rSi®Liers2 0L2. 

If T' = {T,,[N], I' ; j' ,d') is the simple bubble type such that T' = T, by equation ( [4.35 ) and 
Lemma p.ll| , 



n. 



fc=5 



)(m) = J;(c.(0)A|-^ M> -C„-.(o)(a^) 



(5.18) 



fc=0 



4(28a2 + 16a(ci(L^)+ci(L^))+3(c?(L^)+c?(L^))+4ci(L*i)ci(L^),[Vi(^)]>-C -i(o.(a^), 



where = ?^^'^® ev^TP^ and aGr(SjX S2xVi(/u); -B* (g) O) is the linear part of the affine map tp^^} 
of ( 14351 ). Let 

= {(xi,X2)GS*ixE*2: xi=±X2}, S^") = {(z^, z„) : me [6]}; 
5^-^) = X (/i), = X '^r- (/u), 

where +X2 = a:2 and — X2 is the image of X2 under the nontrivial automorphism of S. The zero set 
of a^; is the union of a section of ¥E over s!^\ s!^}, and xUq-ifJ-), where T is as in the proof 



of Lemma 5.5 



(2) The above section over Y? xlAq-ip) is given by 

= a:^^ (0) n (F^l S2 X Z^r (/i)) = { (2^1 , X2 , 6, S2 L2 1 : (xi , X2 , 6) G Si X S2 X Z^r (p) } • 
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Let rS = 7r^J^reT*S2 (g) ® TSi ® Li and FS = tt^^FT ®T*T.2 ®Ll® TSi ®Li. As in the proof 
of Lemma 5.5, the map 7^- of Theorem 2.8 induces a homeomorphism between neighborhoods of 
Zq- in ^5 and in PS such that, with appropriate identifications, 

a£;(xi,X2,77^(-y)) - ar{xi,X2,h]pr{v)) < C{hij)\v\p\pr{v)\ {xi,X2,b;v) gTSs- 

The section aq- ^Vi^Zq-] Hom(.F5; 7|;(8'0"'")) has full rank on every fiber as long as P;, 0'H^(8'ev*TP^ 
for all b^Uq-{jjL), i.e. if v is generic. This can be seen from Lemma 4.10 in the same way as in the 
proof of Lemma Thus, as in the proof of Lemma 5.5 , 



If \Hk^T\ = \I\ = 1, i.e. T = T*[l) for some / G [A^], aq-opT has full rank on Y,xUq-{p). Thus, by 
Corollary 3.10| and Lemma 3.11| , 



Czri^E) = {c{7*E ® 0^)c{j'S)-\ [Zt]) = 4(l6a + 4ci(L*i) + SciiL*^^^), [Urip)] ] 
since FS ~ | © r*S2 ® TSi (8) Li. If l-fffcjTj = |/| =2, we similarly obtain 
Cz^ai) = (c(7e ® 0^)c{j'S)-\ \Zr\) = 12\Ur{fi)\ 



(5.19) 



(5.20) 



Note that FS w © T*Il2 © T'Ei in this case Summing up equations (|5.19D and ( 5.20 ) over all 
equivalence classes of bubble types T <T* of the appropriate form, we obtain 

Wv2(/.)(«:^) = 4 (l6a + 4ci(L*) + 3ci(L^^j),[^/r*a)(^)]>+12 (^-^l) 

(3) It remains to compute Cp^|^± (a^) and C^{o)(ag). Let Vi denote the orthogonal complement 

of the image of T)q-* }^^ in ev*rP"'. Analogously to the n = 2 case, we can identify a neighborhood 
of in 

F = © ^ Sr* ip) 
with a neighborhood of Sq-* (/i) in liq-* (p) via a map 7 in such a way that 



^v^inw6.x) (^r*,fe7(&, X)) = X V(6, A) e F^. 



(5.22) 



Let K.£T{Sq-*{p); © Li) be the nonvanishing section defined in Subsection 4^. Then 
ar^\0) n (PF|4°i) = = {{zm,zm,b, [vi,V2]) £¥E\^^^,)^ : i>i + /€±(6)t;2 = 0}, 
a^Ho) n {FE\S!^J) =z!^J = {{xi,X2,b, [vi,V2]) e¥E\^(^^r- vi + K^^Hb)v2 = 0}, 

where k'^ = k is viewed as a section of T*T.2 © © r*Si © Li along 5^t^ and K is the section of 

T*S2©F2©r*Si©Li along s!^J induced by k and the differential of the nontrivial automorphism 
of S. See Subsection E!^ for more details. Let 



FZ^, = tt*e{J^T © rS2) © 7r^(r*S2 © © TSi © Li) « © 7r^rS2 © C ^ Z^.. 
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The above map 7 and the g'^ g-exponential map in S induce a diffeomorphism between neigh- 
borhoods of in FZ^, and in ¥E. With appropriate identifications, the hnearization of 
OE^TiFE; (g) O) near Z^, has the form 



a^^}{X,w,u) = {u{Vr^,k,b)s^,^, + {Vr^,k,b)si;^^+\w,-) + Xs^,^,) + {Vr*^k,h)s^^f\w,-), (5.23) 

where sij?,'^'* Gr(S; T*S (E)'^^^) is defined with respect to the metric g^^] see Subsection 4J.. Since 

s*^^'"-* does not vanish on S*, it fohows that a^} has full rank on FZ^^. The same is true for 
the linearization of a'^ as long as u is generic. Thus, by Corollary |3.6| , C^i (a^) is given by 
Lemma p.ll| with 

and 02 Gr(7W; £'2(8)02)5 which is the composition of (5^, with the projection onto O/ ("H^^C^Cz?) . 
However, similarly to the construction in Subsection |5.2| , we can replace £2 with 

E2 = T'S = TS 0{zi) ... 0(z6) 

and with s^^ -) ^ r(S; T'S* ® ©2) in lK2^ without changing the number of zeros. Then the 

corresponding section 02 has no zero on Z^, , and thus by Lemma |3.11| , 

^4t'u4-)(«^) = 2(- ci(£2) + ci(02),[S]> = 2(-4 + 10)|5r.(/i)| = 12|5r.(^)|. (5.24) 
(4) We next show that C (o)(a^) = The normal bundle of z!^} in FE is given by 

= 7t*e{tt © r,„Si © r,„S2) © t^*e{t,j:i © l* © r^^Si © Li) « © (c © c) © c. 

With appropriate identifications, a£;Gr(P£;7^ © O) at {X,wi,W2,u) £ Fz!^} sufficiently small is 
given by 



aE{X,wi,W2,u) = {u - K{b)){Vr*,kil{b,X)) + {VT*,kMb,X)) + Xs^, 
For any {X,wi,W2,u)eFz!f^} with wi,W2^Tz^Tj, let 



W2 ■ 



a. 



■^l{X,wi,W2,u) = [u{Vr* ,kib) sj:^w2 + (^r*,fe2^) (•^s.^a - ) + -^^^s.^-a; 



(5.25) 



p, J{wi,W2) = {'Dr',k2b)s''^^ \wi,wi -W2,-), ar*,2 (^I'^a) = (^?r*,fc2^)4!; ''(^2, 1^2 - "Wi, •)• 
Since [VT^^k^b) = ti{b){'Dr* ,k^b), 



aEiX,wi,W2,u) - aP^{wi,W2) < C\{wi,W2,u)\\X\. 



By the same computation as in the proof of Lemma 4.30, 

^wi"r*(^'^i''"^2,^^) - a^r2^(ifi, W2) < C'd^ip + |w2p)|i'^i - W2\; 
7::^^aP,{X,wi,W2,u) - a^^r^ {wi,W2) < C(|wi|^ + |u'2|^)|t(;i - W2\. 



(5.26) 

(5.27) 
(5.28) 
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Since the two terms in ( 5.25| ) lie in orthogonal subspaces, from ( 5.26| ) and ( ^.27| ), we obtain 

aEiX,wi,W2,u) - {7r:^^aP,{X,wi,W2,u) + a^^l'^ {wi,W2)) 



< \(wi,W2,u)\\TT:^^aP,iX,wi,W2,u) + ap,J{wi,W2)\ 



(5.29) 



If v is generic, inequality ( ^.29| ) continues to hold with all the maps replaced by their composition 
with the projection to O^. Note that the rank of the bundle O2 defined in (3) is two, while the 
dimension of zl? is zero. Thus, applying Lemma we conclude that C {o){a-k) = 0. The claim 

follows by plugging ( 5.21 ) and (|5.24| ) into (|5.1^ ), using (5^) and (5^), then summing over all 
equivalence classes of bubble types T* of appropriate form, and applying and Lemma 5^. 

5.4 Behavior of D^^) and D^^) ^ear Si{fi) - Si{fi) 

If n = 3, the space 5i()u) s not compact. In order to be able to compute the numbers n'^\ii), we 

thus must understand the structure of 5i (u) as well as the behavior of D^' - and ^ - , where 

^\f^> -j-'fi r*,(o)' 

r* = (52, [iV], {0}; 0, d), near 5i(^)-5i(//). 



If T = (5"^, [N],I;j,d) < T* , from Theorem ^.8| one should expect that the normal bundle of 
Srilj) = ^r(/^) n Si{fi) in Si{fi) to be given by 

FS = {[v={b,{vH),^j)]eTT\Sr{fi): Yl ( n ^^){'^r,hb)=o}. 

XTh=i iei,heDir 



The next lemma shows that this is indeed the case. Let NS 
of FS in 



FS denote the normal bundle 



lAq-i^i)- While for the purposes of Lemma 5.8, we can use any identification of 
neighborhoods of FS inAfS and in J^T — >UT{fJ-), in order to simplify the statement of Lemma |5.10| , 
we choose a fairly natural one. More precisely, denote by FS-^ a subspace of J-T — > St-{^) 
complementary to FS and by vr^ : AAtS*-^-* — >ST{fJ') the normal bundle of Srip) in UrifJ-)- Choose 
a norm on MS^^'^ and an identification cp^ : MS^^^ — >S'r{fi) of neighborhoods of SritJ-) in MS^^"^ 
and in UritJ')- Let $5 : ttJ-^T — > J^T be a lift of (ps such that $5 restricts to the identity over 
S'r{fi) cMS^^\ Let vr: J^T — ^Sq-^fi) be the bundle projection. Then 

AAcS = vrWcS^^) ©F5^, and 4's-^fS5 — > J^T, 4)s{{b,v), {X,v^)) = <^s{{b, X),v + v^) , 
is an identification of neighborhoods of FS in MS and J-T — > UrifJ')- 

Lemma 5.8 For every bubble type T = {S^ ,[N], F, j,d) <T* , there exist 5, C eC°° {St {fi)]^'^) and 
a section (ps £T{FSs;MS) such that 

ys{v)\\ < C{bMK yFS^{v)\\ < C{b^)\v\'+'v, 

where ^pg± denotes the FS-^ -component of (ps, and the map 

-fs-FSs — >Si{fi), isiv) ='yr{^s^s{v)), 

is a homeomorphism onto an open neighborhood ofSq-^n) inSi{^), which is smooth and orientation- 
preserving on the preimage o/Wr*(^)- 
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Proof: (1) The proof is similar to that of Lemma ?? in so we only describe the differences. If 
Sq-ifJ-) 7^ 0, T must have one of the three forms described by Lemma 5.1C. We restrict the proof 
to those three cases. In Case (1), we apply Subsection ?? in |Z1], which contains an application of 
the Implicit Function Theorem, to q instead of the evaluation maps. By Theorem |2.8| , 



< C'( 



1^ 

\v\ p 



This estimate suffices for applying an argument similar to the proof of Lemma ??. 

(2) In Case (2) of Lemma 5.10| , instead of the section V^, g of ^ ev*TP", we consider the 

section V of {L^, q J^T)* ® ev^TP'^ on a neighborhood oilAT{^) in IA't*{^) defined by 



\'yi^{b,v{)\ 0' I) 



,ol,^(Mi)(^o)eev*TP". 



This section is well-defined outside oiUq-ifJ') and by Theorem 2.8 extends over Uq-ifJ-) by 

The restriction of this section to ^t(/^) vanishes transversally at Sq-iii) by Corollary |6.3| , while 



its zero set on Uq-*{fi) is the same as the zero set of I?-^, g. By Theorem 2^, with appropriate 
identifications, 



< C'{b)\v\p. 



(3) In the final case of Lemma 5.1C , we replace P-j-, q by a bundle section over the blowup of J-T 
along Uril^)- Let 

nr = {{h,v,i):{b,v)erT, veie¥FT\k], 17^- = { (6, w, ^) G Jlr : v/O}, Sr = ^r-^r- 

Denote by 7 — ^VLt the tautological line bundle. The normal bundle J\fS of 7 — >VFS in 7 — >£t 
is given by 

MS = ^»r-AAcS(^)evr;(7*®vr>r^5^), <^^5 ((6, ^, ^;), ^, ^r) = {4>s{h,X), [^s{v+^{v))\,v+a{v)) , 

where vr^ : 7 — >VtT- is the bundle projection map. The bundle L^, g pulls back to a bundle L over 
a neighborhood of Eq- in fi^-. We define a section P of (L 7)* ev*rP"' over fi^ by 



V 



This section is well-defined outside of SrifJ-) and by Theorem 2^ extends over Erilj) by 

The restriction of this section to STifJ^) vanishes transversally at ¥FS — >S't{^) by Corollary |6^ , 
while its zero set on il* corresponds to the zero set of 2?^, g on jl^f^J^Ts—Uq-ifJ')) ■ By Theorem 2.5, 
with appropriate identifications. 



{b,i) 



< C'{b)\v\p. 
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Thus, we can apply the arguments of Lemma ?? in [ |Z1| to T> to describe its zero set near E-j-. We 
obtain a section (ps^T{'^s\^FS;J\fS) such that <C(5„)|t;|p, and the map 

75: 75|PF5 — > vr, jsiv) = (f'j^si'Psiv)), 

is a homeomorphism onto an open neighborhood of FFS in P~^(0). This section (ps induces the 
required section 935 with the claimed properties. 

Corollary 5.9 For every bubble typeT = {S^,[N],F,j,d)<T*, there exist 5eC°°(5r(^);M+) and 
a map 

such that 75 is a homeomorphism onto an open neighborhood of S't{ij) inU'j-*{fj,), which is smooth 
and orientation-preserving on the preimage ofh(r*ifJ'), and with appropriate identifications, 



n 



X, 



ViX, 



in Case (1); 
in Case (2); 

^u^X + wjD^ J + wgD^ in Case (3), 
where the three cases are the ones described by Lemma 5.1(\ . 

Proof: See Subsections 4.4 and 14. 51 for the meaning of XeAA5(^) in the three case. The proof is 



just a modification of the proof of Lemma p.8| . In all three cases, we work with the same section T> 
as before. Denote by £t the space UTifJ-) in the first two cases. Let 5 = 5r(/i), FS=MS^^^®J'T 
in those two cases and S = FFS, FS = MS^J in the remaining case. Choose an identification 
7: A/'5^^^ — >£t of neighborhoods of S in MS^^^ and in Sq- as well as of the appropriate line bundle 
over these neighborhoods such that 



n 



-1 



v = x yx eMs 



(1) 



in Cases (1),(2); 



nr 



,v = x+ iv^ 1 + 



2) ° 



(1 + n) V(X,n) G (AAcS(^) 7* 0^5^)5, in Case (3). 



^b,7sm - ^ V^r,i 

Note that in Cases (2) and (3), the restriction of L*^^ ^ to Uq-dj-) is trivial. By the same argument 

as in the proof of Lemma [5.8| , for any Y G FS sufficiently small, there exists a unique m 
Cases 1,2 and ZgNS^^^ in Case 3, such that 



n: 



nr 



Furthermore, \Z\ < C(6)|y|. 

Lemma 5.10 Ifd>l, n is a tuple of p points andq lines in general position mP^ with2p+q = 4:d—3, 
and N = p+q, the set Si{fi)—Si{fi), is finite. Furthermore, if 

T={SMN],F,j,d) <T* and Sr{li)^^, 

(1) / = {!}, (ig > 0, and the images ofV)^l^ and'D)^^^ are linearly independent in every fiber of 
ev*TW over St ip); 

(2) ORi = {i}, (io = 0, di = d, and for all v=[b,vi\ e FS5, 

(2) 



n 



-1 

6,75(1)) 
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(3) Oi? / = {i,2}, do = 0, and for all v=[b,vi,v^]€ FS 



Proof: (1) The statement about the possible structures of T is easily seen from Theorem |2.8| and 
dimension count. The finiteness claim then also follows by dimension count. In Case (1), if >3, 

by Corollary the images of P^] g and V^^l - are transversal and thus linearly independent over 

the finite set Sr{^j)- On the other hand, if <3, Sq-ifJ^) = 0; see Subsection |4.5| . 
(2) The four inequalities in the lemma will be obtained by refining the proof of the analytic estimate 
of Theorem |2.8| . We use the same notation. Combining equations ( 2.22 ), ( p. 231) , ( 2.24 ), and ( |2.26| ), 
we obtain 



k=m 



m 
27ri 



E 



(5.30) 



XTh=l k=l XTh=l-^^h(-") 

where the integral is computed by using the same trivializations as before. This equality holds for 
any bubble type. If 7r(f)G5i(^) and T is as in (2) of the lemma, ( 5.30| ) with m = l,2,3 gives 

= v,{V^^\b) ' 



2111 



' ' '^^ J \x^—w\=€ 



(5.31) 
(5.32) 



where e = 4(5(6„)~^|t'||. Subtracting 2xj times the first equation from the second, we obtain 

{v(^^r{v))-vl{V^^lb)\ < C(6)|7;j|'+i. (5.34) 
Similarly, subtracting 3xj times (5.32) from and adding 3X| times ( |5.31| ) to ( ^.331 ) , we obtain 

_ 3xi{V^^^r{v))) - 2vl{vP-b)\ < C{b)\vif^-p. (5.35) 



,(2) 



,(3) 



dw. (5.33) 



If vGFS is sufficiently small, the claim in Case (2) follows from equations (5.34) and ( [5.35| ) along 
with Lemma 5.8 and our choice of (ps. Note that if f S FS, we have to apply ( ^.341 ) and ( ^.35| ) 
with V replaced by ^i^(pt^(j)sips{u), where and ipi^ are as in Subsection ?? of | [Zl| ]. However, 
applying the bounds on ipi^ and cps, we obtain the claimed estimates. 
(3) In case (3), we proceed similarly. The analog of equation ( 5.32| ) gives 

{V^^^riv))-2(^xiv^{V^^^b)+x^Vi{V^^^b))\ < Cib)\v\'+"^. 

Subtracting 3(xj + X2) times the analog of ( ^.32]) from and adding Gx^xg times the analog of ( ^.3l| ) 
to twice the analog of (|5.33|), we obtain 



2{V^^^riv)) - 3(xi + x^){v'~^^r{v))) - 3{x^ - x^)(vl{V^^lb) + vl{V^^lb)) | < C(6)|t;|'+^. 



The estimates of Case 3 follow from the last two equations and Lemma The finer bound on 
(ppg± of Lemma ^.8| is essential here. 
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5.5 The Numbers nf\fi) and n{\^) in the n = 3 Case 

In this subsection, we express the numbers n"i\ii) and n^\fi) in the n = 3 case in terms of 
intersection numbers on the spaces Vi(/i), V2(/^), V'3(/i). 

Lemma 5.11 Ifn = 3, nf\n) = 4(2a + ci(£*), [Si{n)]) - 2|52(/i)|. 

(2) 

Proof: (1) We continue with the notation of the previous subsection. The number n\ {fi) is 
the number of zeros of the affine map in ( |4.32| ). As in the proof of Lemma we can replace 

(2 —) (2 —) 

■Sg by s^' • Since the hnear part of the new affine map does not vanish on T,xSi{fi) (see 



(3), 



Subsection 4.4), by Lemma 3.11 



k=2 



k=Q 



(5.36) 



4(2a + ci(L*),[5i(/i)]>-Csxa5-,(«^), 



where = n^®ev*T¥^, 55i =5i(//)-5i(//), and a is the hnear part of the affine map in ( ^.321 ), 
with s^' ■* replaced by s^' 

(2) If T= (5^, [A^], /; j, d) <T* and 5r(/^) 7^ 0, T must have one of the three forms given by 
Lemma 5.10| . Since P*^^^ does not vanish on St-{^) in Case (1) of Lemma 5.10, CY,y^Sr{^^)i^^) ~ ^ 
in this case. In Case (2), i.e. T = T*{1) for some I G [A], | does not vanish over Sq-ifJ')', see 

Subsection 4.5. Thus, by Corollaries |3.10| , \i.6[ and the first estimate of Lemma 5.1C, C-^xSrM^'^^) 
is twice the number of Lemma 3.11 corresponding 



and 02 €zT{M; E2 ® O2) that has full rank on every fiber. It follows that 

Csx5r{/.)(«^) = 2(ci(02) - ci(i?2), [Sx5r(^)] > = 4|5r(^)|. 



(5.37) 



(3) Suppose T is as in Case (3) of Lemma |5.10| . Since xj / j and ^ do not vanish on 

Sr{l^) =l^r{lJ') n S2{ij) (see Subsection |4.6| ), and 2?^ i+^r 2 vanishes on FS, x^Dj- j+xg^?^ g does 
not vanish on FS. Thus, the third estimate of Lemma ^.10| , Corollary 3.10| , and Lemma 3.11| , 



(a^) = (ci(02) - ci{E), [S X 5r(/u)] > = 2|5r(M)|. 



(5.38) 



Summing up equations ( 5.37] ) and ( |5.38D over all appropriate bubble types T <T* and substituting 
the result into ( 5.36 ), we obtain the claim. 



Lemma 5.12 Ifn = 3, nf^(/x) = (4a + 5ci(£*), [5i(/x)]) -3|52(//)|. 



(3) 

Proof: (1) We continue with the notation of Lemma |5.11| . The number n\ (fi) is the number of 
zeros of the affine map in ( |4.34 ). Let 



E = L'' 



5i(^). 
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Since the linear part a of the affine map has full rank on Si{fi) (see Subsection 4.5), 



^Pif') = 5](A|-^Cfc(0), [fE])-CpE\dsM) = (4a + 5ci(L*), [Si{fi)]) - C^e^qsA'^^), (5-39) 



k=2 



k=0 



where O = ev*TF^. 

(2) As in the proof of Lemma 5.1l| , Cf>E\Srifj.)i'^E) ~^ bubble types T of Case (1) of Lemma 5.1C . 
Suppose T = T*{1) for some / G [A^], i.e. we are in Case (2) of Lemma 5.1C| . The normal bundle 
of ¥E\S'T{fJ') in ¥E is tt'^J-T ~ C. By the first two estimates of Lemma 5.10, with appropriate 
identifications, 

for some ar G r(F£'|5r (^); .^T*®^ (8) 7I; O O-^) which vanishes only on 

Zr = {{b, [v,w])eFE\Sr{fJ^): 3xiv+w = 0}. 



Thus, by Corollaries |3.10| and and Lemma p.llj , 

CwE\iSrM~Zr)i^i) = 2 ((ci (7I; ® O^) - ci (.FT), [FE\ST{fi)]) -Cz^o^t)) = 4|cSr(M)|-2C^^(4 



By the first two estimates of Lemma 5.1(]| , Cz^{aj^) = \Zr \ = |5r(/i)|- Since the images of T^^^\ and 



(3) 

T^\-\ are linearly independent in every fiber of ev*rP" over St-{^)-, by the first two estimates of 
Lemma ^.10| and Corollary 3.1C| , C^.j-(a^) = 3|^r |- Thus, 

Cpi^|5rM(«i) = (4|5r(M)| - 2|cSr(^)|) +3|5r(/t/)| = ^Sr{^i)\. (5.40) 

(3) Suppose T is as in Case (3). By the last two estimates of Lemma |5.10| , with appropriate 
identifications, 

ai{ls{h,v)) - ar{h.v)\ <C\vi\^^v y{b,v)GFSs, 
for some aq- G r{F E\S'r{fJ')', FS* O"*") which vanishes only on 

Zr = {{b, [v,w])eFE\Sr{n): 3{xi + x^)v+ 2u! = 0}. 
Thus, by Corollary |3.1C and Lemma |3.11| , 

CFE\(SrM-ZrM) = {ciilE ® O^) - ci{FS), [FE\Sr{fi)] > - Czria^)) = 2|5r(^)| - CzAa^)- 



By the last two estimates of Lemma 5.10| , C^^(q^) = \Zq-\- Finally, by Lemma 5.1C and Corol- 
lary |3l0| , Czri^^) = 2|-Zr|- Thus, 



CwEiSrMia^) = (2|5r(^)| - |5r(/^)|) + 2|5r(^)| = 3|5r(/^)|. 



(5.41) 



The claim follows by summing up equations (|5.40| ) and ( |5.41| ) over the appropriate equivalence 
classes of bubble types T <T* and plugging the result back into (^.39]). 



The next step is to relate (a, [Si{fi)]) and (ci(£*), [5i(^)]) to intersection numbers on the spaces 
Vi(^), V2{p'), and V3(/i). The approach is similar to the proof of Lemma 5^, but first we need to 
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interpret (a, and (ci(/^*), [5i (//)]) as the zero sets of some bundle sections. In our case, 

the spaces Z^r*(/^) and i^r*{i)if^) for ah l£ [N] are topological manifolds (not just orbifolds). Thus, 
ci (C*) represents the first chern class of some line bundle C* — >U't{^j)- It is well-known in algebraic 
geometry that a slightly weaker statement is in fact true for any choice of constraints, and 

ie[N] 

Let Vi = ev*C'(l) — >lAr* (fJ-), V2 = £* — ^Ur* and = ci(Vi). Choose sections Sj Gr(Z^r* (a*); Vi) 
such that Si is smooth and transversal to the zero set on all smooth strata lA'r{^) C lA'r*{^) and on 
Sq-dj-) C Si{fi). The second condition implies that Si does not vanish on the finite set dSi. 

Lemma 5.13 Ifd>l, jjL is a tuple of p points andq lines in general position mP'^ with2p+q = Ad — 3, 

{a, [Siifi)]) = {6a'ci{C*) + ia^cjiC*) + ac?(£*), [Vi (/.)]> - {4a^ + a{ciiCl) + C2 (£*!)), [V2(m)]>; 
(ci(£*), [cSi(^)]) = {Aa^ciin + Qa^cHn + 4ac?(r) + cfiC*), [Vi(/i)]> - Mf,). 



Proof: (1) Similarly to the proof of Lemma |5.4| , 

= (??,C3(L*®ev*rp3),[Vi(^)]>-Cgv,(;.)(^?es^). (5.42) 

Suppose T= (5^, [N],I;j,d) <T* is a bubble type such that Z^r(^) 7^ 0- If dQy^O, by our assump- 
tions on Si, V^Si does not vanish on Ur{p)- Thus, for the purposes of computing Cgy^(^) (2?©Sj) , 
we can assume dQ = Q. 

(2) In order to compute the numbers Cu^(^^)(T>® Si) , we slightly modify the approach of Subsec- 
tion since we have a great amount of fiexibility in choosing the section Si . We consider a family 
il^t = {tv+V, Si) of sections of -L*(8iev*TP^©Vi, with v generic with respect to V. Let vr : J^T — >Ur{lJ) 
be the bundle projection map and fix an identification of 'jt^Vi — > TT^ with 7r*V^ . It can be as- 
sumed that the section Si has been chosen so that 7^*5^ G T{TT ^■,'K*Vi) is constant on the fibers of 
TTs over an open subset Kt oiUq-{fi) that contains all of the finitely many zeros of the affine map 

J^T ^ L* <S)ey*T¥^eVi, {b,v) + arA^), Siib)) , 

over Uq-{fj), where aq- is the leading term of given by Theorem Note that by our 

assumptions on Sj, the images of {^?t,/i : XTh = l} are linearly independent in every fiber of ev*TP"' 
over s,"^(0). Thus by Theorem ^ Corollary ^J^, and Lemma |37^, Cu^^f,){V®Si) =0 if H^fT^I. 
Furthermore, if HqT = I, Cj^^(^) (P©Sj) is the number of zeros of the affine map 

JTT — >L* Cd ev*^P^ V = (6, v) — > vr,b + ar{v), (5.43) 

over s, "^(O)n^^r(^), where i>r^^{Ur{lj);L*®ew*T¥'^) is a generic section. Thus, by Lemma |3.11| , 

fc=2 

Cur(,) iP © «0 = E (A?.r'c.(L*©ev*rp3), [m\ (."^0) n Ur{^^))] ) - C^^^, / -i(o)nS^?r) 

fc=2 

= X: <A-^c.(L*©ev*rp3),„ [P^T]) - C^^^i (^-.(,),,^^) {a^) (5-44) 
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where dUr =Ur{^Ji)-Ur{^Ji) and ajrq- ^Vf^TT ; 7^^(giL*(g)ev*rP^) is the section induced by ar- 
We denote 7;,^(g)L*^ev*Tp3 by Or- 

(3) Suppose i = l, i.e. r]i = a. If T = T*{1) and T'= (S*^, [A^], j, d') <T is a bubble type such that 
s^^{0) nUr'ilJ-) n a^^(O) / 0, T' must have the form 

\I' - /| = 2, H^r = {2, 3}, d[ = 0, 4 / 0, 4 / 0. 



By Theorem 2.8 apphed to T' <T, and Corollary 3.10 , 

C.-i(o)nw^,{^)(«r) = pT'if^) n srH0)| = (a, [Ut'{^^)]). 
Thus, summing up equation ( ^.44] ) over T = T*{1) with [A^], we obtain 

E Cwr.(o(/^)(^®^i)= E (6a=^ + 4a2ci(L;..(^^_j)+ac2(L;..(^^_j), [Z^r*(o(/^)] >-^2'H/^), (5-45) 

«e[Af] «e[Af] 

where t!^\^) is the number of two-component connected degree-d curves passing through the 
constraints with the node at the intersection of one of the constraints with a generic plane in P^. 
If l-f^o'^l ~ l-^l l^o'^l ^ above, up to equivalence of bubble types, 

\i' - /| = 1, 4 = i, 4 = 0, 4 / 0, 4 / 0, 

i.e. 'T' = 'T{1) for some le[N]. By Theorem |2^ applied to T' < T and Corollary p^ . 



C. 



Z^r'(/^)nsr'(0)| = (a,[^/r'(/^)])- 



Thus, summing up equation ( ^.44|) over T with \HQT\ = \i\=2 and |MqT| = 0, we thus obtain 

5^ (a(4a+ci(L;.^j)+ci(L;._2)), [Z^r(/u)] >-2r(^)(^) 
|Her|=|f|=2,|Mgr|=o ' ' (5.46) 

= (4a2+a(ci(£^)+ci(£^)),[V2(/x)]>. 

If l-f^g'?'! = |i| =2 and |MqT| = 1, aq- has full rank on all of Uq-ip)- Thus, by Corollary p. 10 , 

Cur(,.){V e Si) = (ci(L* ev*Tp3) - ci(.Fr), [Ur{^i) n sr'(0)]> = |^/r(Ai)l- 

Here we used J^T = L®[L^®L^) ^L®L and Corollary |5^ . Thus, summing up equation ( [5.44| ) 
over T with l-f^QTI = |I| =2 and |MgT| = 1 gives 

E Ci^^(;.)(I?©s,) =r('^(^). 

\H^r\=\i\=2,\A^r\=i 



(5.47) 



Finally, if l-ffg'^l ~ l-^l ~ ^' '^il^r(/^) "^^^ ^^^^^ claim follows by plugging the sum of equa- 
tions (l^)-(l^) into ( |5^ ). See also equations (|3|) and (|5^ . 

(4) Suppose r]i = ci{C*). We continue as in (3) above. If T = T*{1), ar does not vanish anywhere 
on S2^0) ni/r(/u)- Thus, by Corollary |lo|, 



E^Wr.(o{/^)(^®«2) =^(c(L* ev*rp3)c(L^^j)-i[^?^.(,)(^) n s^' 

= 5^ (ci(£*)(6a2+4aci(L^ j)+c?(L^ j)), [Z^r^wC^)] 



(5.48) 
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If \H^T\ = \i\ =3, aq- again does not vanish anywhere on S2 ^(0) n^^rC/u), and thus 



Cur{^){V®S2) = \Ur{^Ji)r^s^\Q)\ = (ci(£*), [Z^r(/i)]> = |Z^r(/^)| 



(5.49) 



Here we used Corollary 5.22| again. Note that if \H^T\ = \I\ = 2, r]2\Vl'r{^) = 0. This is immediate 
in the case |-/VfQT| =0 and follows from Corollary 5.22 and ( |5.3| ) in the case IMqTI = 1. The second 
claim of the lemma is obtained by summing ( p.49| ) over all equivalence classes of bubble types 
T <T* with |//qT| = |i| =3, and plugging the result along with (|5.48D into (|5.42| ). Note that 

a'|Z^r*(0(/^) = V / G [iV] ^ {^o?ci{L*), [Vi (//)]> = {^a^ci{C), [Vi{ii)]). 
5.6 The Number ri'^\^) in the n = 3 Case 

We finally compute the remaining number n^^"* (/x) . The computation parallels the proof of Lemma 5.6 
Lemma 5.14 Ifn = 3, 

= i{Wa^c,iC*)+3a^clin, [Vi(/x)]> - 12rf (/x), 



(2) 

where (/u) denotes the number of two- component connected degree-d curves that pass through 
the constraints and with the node on a generic line in F^. 

Proof: (1) We use the same notation as in the proof of Lemma 5.6. By equation ( [4.31| ) and 
Lemma [j.lll , 



fc=5 



= 2(ll2a3ci(L*) + Sia'^cliL*) + 32ac?(L*) + 5cf(L*), [i/r*(/x)] > - C^y<v-Ho)ia^), 

where O = H^^ (g)ev*TF''^ and a G r(S x Ur*{l^)]T*T. ® L* ® O) is the linear part of the affine 
map VS^^ of §33). Let O2 = T*S L* O^. 



(2) Similarly to (2) of the proof of Lemma 5.4 



Csx5i(m) («^) = L* ® [H^ ® ev*TPVC)) , [S x cSi (^x)] > = 2(l2a+5ci (L*), [cSi (/i)] > . (5.51) 

Suppose T= (5^, [N],I]j,d) <T* is a bubble type such that Sr{lj) 7^ 0- By Lemma |5.10| , there 
are three possibilities for the structure of T, but C2xX)-i(o)(q^''') = in all three cases. This claim 



follows from Corollaries 5.9 and 3.1C and Lemma 3.2 



(3) As before, if T <T* and C2x(Wr(M)-'Sr(M))(" ) 7^^' '^o"^ ^"^^ -^o'^~ such a case, 



fc=4 



e 



Sx(Wt(/^)- 



(5.52) 



fc=0 



where aj^r £r(P^T; (gi O2) is the section induced by the section 

TT^ o (ar oss)er(Sxi/r(M);^T* O2). 
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(4) liT=T*{l) for somele[N], FT ^L^ i oveiUrifi), and q^^(O) = S x (0). Thus, by ( p^ , 

By Corollaries ^ and |3.10| , 

Csx5r(M)(«^r) = {c{J^T*^Oi)c{L*^^^^ev*T¥'Y\ [Sx5r(/u)]> = 10|5r(^)|. 

On the other hand, if T' = {S^, [N],!'; f , d') < T, we apply Theorem |]| to T' < T. Then for the 
same reason as before, Csxw^, (a;^^-) = unless d| = and H^T' = 1' — I, i.e. 

/' = {i, 2, 3}, 4 = i, 4 = i, 4 = 0, 4 ^ 0, 4 / 0. 



In such a case, with £^= ^ © g, by Corollary 3.10 



= (32a + 5(ci(L^,^2) + ci(L^,3)), [Z^r'(^)]>. 
Summing equation ( 5.52| ) over T = T*{1), we thus obtain 

E^Sx(Wr.(,(;.)-5r.(oW(«^) = -64r^'^(^) " 10(ci(L^) + ci(L^), [V2,i(/")]> (5-53) 

lelN] 

+ 2 ((ll2a3+84G2ci(Lp+32ac?(L*j) + 5c?(Lp, [Z^r-(/)(M)] > - 5|Z^r'(0 ^ 5i(^)|) , 

ie[N] 

where Lj = L.j-w^n j, V2 = (J ''^2 i-iifJ-), and V2 denotes the union of the spaces Z^7-(w; t^[N]-{i}) 

l€[N] 

taken over all equivalence classes of basic bubble types T= (5^, [N] — {^{1, 2}; j, d) with dj, tig > 
and (ij+d2 = d. 

(5) If \HqT\ = \I\ = 2 and |MqT| = 0, TT | © ^ over UrifJ-) and a^^(O) consists of a section 
of ¥FT over Ex5-r(M) ^•nd the spaces T,xUq-r{fi), with T' corresponding to the bubble types T 
described in (2) in the proof of Lemma 5.5. By Corollaries |6.3| and 3.10| , 

Csx5r{^)(«^r) = {c{j*^r^Oi)c{C^r\ [Sx5r(M)]> = 10|5r(^)|. 

On the other hand, if T' = (S'2, [N],r;j',d')<T and Cpjpr|(ExW4-(/i)) (a:^r) ^0' 

|/' -/| e {1,2}, H^T = I'-I, 4 = 0, 4 if /iG/'-{2}. 

If I /'-/| = 1, by Corollary |3lO| , 

Cp:Fr|(Sxw^(/.))(a:^r) = (c(C'2)c(L^,_i © [SxZ^rK^)]) 

= 2(32a + 5 (ci j) + ci (L^,^)) , [Ur' (m)] > ; 

see the proof of Lemma 5.13| for more details. If |/'-/|=2, by Corollary |3lc|, 

W|(Exw^(M))(«^r) = (ci(02) -ci(C3), [SxZ^r'(^)]> = 10|Z^r'(^)|- 
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Thus, summing equation ( |5.52| ) over T <T* with \HqT\ = \I\=2 and |MqT| = 0, we obtain 



^C2x(WrM-5rM)("^) = "SOtsI//) - 10|52(/x)| (5.54) 

[r] 

+ 2{Ma' + 32a(ci(£^) + ci(£^)) + b{c\{C\) + cl{Cl)) + bci{C[)ci{a,), [V2(^)] > 



(6) If \HQT\ = \i\ = 2 and |MqT| = 1, dj^r does not vanish. Thus, by Corollary p. 10 



Here we used the decomposition (5^) and Corollary 5.22 . Summing equation (|5.52| ) over T <T* 

(5.55) 



with \HqT\ = \I\ = 2 and |MqT| = 1, we obtain 



E^SxWr{/.)(«^) = 64t('^(/^) + 10(ci(L*i) + ci(L*2), [V2,i(^)]; 
[^] 

(7) Finally, if \H^T\ = \I\ =3, J-T k, L* ® L* ®L* over ^^^-{fi), and dj^r again does not vanish over 
SxZ^r(/i). Then by Corollary PH, 



[a^) = {c{02)c{L* e L* e L*) \ [Sxi/r(/u)]> = 10|Z^r(^)l- 



Thus, summing equation ( |5.52| ) over T <T* with |//gT| = |/| =3, we obtain 

CsxWt(m)(""^) = 10'^3(/^)- 

|Har|=3 



(5.56) 



From equations (5.50), ( 5.51| ), and ( p.53| )-( |5^ ), we conclude that 

n^^\fi) =2{ll2a^ ci(C*) + 84a^cj{C*) + 32ac?(£*) + 5cf{C*), [Vi(^)] > 

- 2(84a2 + 32a{ci{Cl) + ci{Cl)) + h{cl{C\) + cl{Cl)) + 5ci(£^)ci(£^), [V2{p)] ) 

- 2(l2a + 5ci(r), [5i(^)]> + 10|52(/i)| + 20r3(/i). (5.57) 



The claim follows by using Lemma |5.5| and 3.13| . 



5.7 Computation of Chern Classes 

In this subsection, we show that all intersection numbers of the spaces Vk{^J') involving powers of a 
and powers of ci(£*) are computable. We can then conclude that the numbers nm^(^) are com- 
putable. The computability of intersection numbers of tautological classes of Va;(a*)j which include 



a and ci(£*), has been shown in |P2|. For the sake of completeness, a slightly different approach 
is presented below. 

If dp and are nonnegative integers and /u is an A^-tuple of any generic constraints in P", let 
-^(dQ,dj)(M) denote the union of the spaces UrifJ-), where T is a simple bubble type of the form 



T={S\[N],{d,i}-j,{d^,d^}). 
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Then A^r,(dQ,dj)(^) is a complex codimension-one homology class in If d>0, let 

> > 

liQ+dj=(i dg + dj^d dQ+d^=d dg + dj=d 

whenever / is any function defined on an appropriate subset of Z x Z. 



Lemma 5.15 Let T* = {S^, [iV], {6}; 6, d) be a bubble type with d>0. Then in H* {Ut* (fi)) 



ci{L*) = ^(n-2da+ E dl^id,,d,){l^) 



dg+dj^=d 

where 7i denotes the subset of elements in Uq-*{fj,) that pass through a generic codimension-two 
linear subspace ofF"". 

Proof: (1) We restate the proof of H in terms of the line bundle L*®"^^ — >Ur* (^), instead of passing 
to a cover oiUr*{lj)- Define a section il}^T{lAr*{lj)',L*'^'^^) as follows. Let Hq and Hi be two fixed 
hyperplanes in P"', generic with respect to the constraints fj-i, . . . hn- Suppose 

[6]= [(5^[iV],6;,(6,y),U5)] eUrili) 

is such that is transversal to Hq and Hi. Then, 



%'m = {[x';>,y';^...,[4'XV^ ^ = 0,1, 



for some [a^^^y^^] G P"^- Define by 



.(0) ^(1) 



fc,«e[<i] yk Vk 

While this section could be infinite, it is well-defined, i.e. independent of the choice of a represen- 
tative 6g Bq-* for [b]. With an appropriate coordinate change on C""*"^, it can be assumed that 
Hi = {Xi = 0}. The map Uq corresponds to (n+1) homogeneous polynomials of degree d: po, . . . ,pn. 



Since the right-hand side of ( 5.5^ ) is symmetric in the roots of po and separately in the roots of pi, 



■0 is a rational function in the coefficients of po and pi. Thus, extends over all olUr*{lj). Fur- 
thermore, this section extends by zero over lAr*{lj)—Ur*{lj). 



(2) We now identify the zero set of the section ij) with multiplicities. From equation (5.58), it 
is clear that ip vanishes with multiplicity one if pq and pi have a common root, i.e. if passes 
through Hq n Hi. The section ip also has a pole of order d along the sets of maps 

Xo = {b: (6) = for \k, pi(l,0)/0}, Xi = {b: y^^\b) = ^ for \k, po(l,0)/0}. 

Note that Xi = ev~^{Hi). Finally, while tp vanishes outside of Ur*{lj), Ur{lj) has (complex) 
codimension one in U'j-*{fi) if and only if T < T* is a two-bubble strata, i.e. as described just 
before the statement of the lemma. Let and d^ be the corresponding degrees. It follows from 
equation ( 5.58 ) that has a zero of order d? along an open subset of IAt{^). Thus, we obtain 



ci{L*'^''")=-H-2da+ E d\M^a,4,M- 
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Corollary 5.16 With notation as in Lemma 5.15 



ci 



Proof: This is immediate from Lemma 5.15 and equation (5.3) 



If T = (52, [N],I;j, d) is any bubble type, let Tq = {S^, M^T + H^T, {6}; 6, dg). Denote by Tk for 
k G H^T the simple bubble types corresponding to T. Then, 



Lemma 5.17 With notation as above, ifT<T* and d^^O, 



n ^^^•(^)- 

Proof: Since Lr*|^r(^) = ir and Uri^j) H i/-2-*(jv/o)(^) = unless MqCMqT, by equation (^), 
The claim follows by using equation (^]^) again. 

Corollary 5.18 All intersection numbers on Vfc(/^) involving only the powers of a and ci(£^) are 
computable. 



Proof: Corollary |5.16| and Lemma p. 17 reduce the computation of such numbers to understanding 
the restrictions ci(£^, )|Z^7-.(-7y^(j)(^), where Mq is a subset of MqTq intersecting Hj^T. By ( |5.2[ ), 

^r5(A/o) ~ -^0,{0,i}+A/o ^ ^7?,/A/o- 

We express ci {C^, ) [^^^^(Afo) ™ terms of cohomology classes of TWq |q iy^Mo • definition, Lq-* \iiTg{Mo) 
comes from a line bundle over Mq |g ij^jv/o' ^8i.ct, 

ci{Lh)\{^o,{6,i}+Mo ^^r^/M,) = ^0 X 1' 
where iIjq is the V'-class of A^q |q corresponding to the marked point 0. Since Lq-* \U'T^(^Ma) = ^rQ(Mo) ' 

0^A/^C Af^r 

= V'O 1 - 5Z ^r^(Ml,-Mo-M[,) = ^Mo-H^r X l|A^|o,i}+A/o X Z^Tq/A^o' 

OT^A/^CCAfo-Z/fi-r) 
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where T^iM'^; Mq-M'^) = {Tq{Mq)}{M'q) and for any proper subset J of J we define 'ipj £ H"^ {Mq |o ^_^_J) 
by 

'^j = '^d~ X] -^o.Cioi+J'.lil+CJ-J'))- 

07^J'CJ 

Here Ai^ ({o}+J' {i}+{J- J')) denotes tlie closure in Ai^ |q of the two-component strata such 
that the marked points on one of the components are {0} + J'. The numbers 

x(|J|,|J|) = (V;|/l-\[H,{o,iKj]> 



are given in Corohary 5.2C, which is a consequence of the following well-known lemma; see p2| | for 
example. 

Lemma 5.19 (1) For any j*eJ, V'j_{j.}=0 in -f^* (-^o {0 • 
(2) If MM.Q ({o}+j' {i}+(J-J')) normal bundle of 



■^o,{d,i}+J' 



■^o,({o}+J',{i}+(J-J')) ^ ■^o,{d,i}+J' ^ -^o,{o,i}+{J-J') 
ci(-^-^o,({o}+J',{i}+{J-J'))) = -V'i X 1 - 1 X Vo- 



Corollary 5.20 lfm>0, xi'm,^) = 1- If m > k > 0, xim^k) = 0. 



For our purposes, we can assume that the constraints fJ-i, ■ ■ ■ ,fiN are disjoint. In the case of P'^, the 
dimension of the space Vfc(/^) is at most 2. Thus, by a dimension count, if ^rg(Mo)(M) nonempty 
and appears in the computation of the intersection numbers of Corollary 5.18 via Lemma 5.17, then 
HqT consists of a single element and Mq = H^T . The corresponding moduli space -^o{oi}+Mo 
a single point and thus 

In the case of P^, Vi(^) is four-dimensional, and we encounter two cases when At 



o,{6,i}+Mo 



IS 



positive-dimensional. One possibility is that IIr,T is still a single-element set, but Mq contains 



one of the marked points. In this case, by Corollary 5.20 or simply by the first statement of 
Lemma p. 19 , 

<<'^H^r,[-^{6,iKA/o]> = x(2,l)=0. 
In fact, we can replace the first statement of Lemma 5.ig| with the direct computation of the degree 



■ipQ on A^o,4 given by Lemma 5.21 below. The other case when A^q |q ij^Mo positive-dimensional 



is Mq = H^'T is a two-element set. Then 



|Mo|-l 



[-^{6,i}+A/o]) = x(2'0) = 0. 



Lemma 5.21 Let m'^1 = {{yi,y2,y3) eC^ : yi + y2 + y3 = 0, (3{\yi\)+(3{\y2\) + PHys]) = ^} . Th 
the action of on Ai'^l induced from the standard action on C is free, 

Mo,4 = M'^oi/S' 

and the line bundle associated to this quotient is the tautological line bundle over . 



en 
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Proof: Identify Mq'\ with S*^ C 5^-equivarently by the map 

(yi,y2) 



(yi,y2,y3) 



ml + 1^2! 



Our assumptions on /? imply that this map is a diffeomorphism; see Subsection 1.2. 
Corollary 5.22 // T = (5^, [3], {6}; 6, 0), (ci(L*), [Z^r]) = 1- 



Remark: In |Z1], we extend the definition of of Corollary 5.21 to construct spaces mP for 



all bubble types T. 

5.8 The Final Formulas 

We finally put everything together to arrive at formulas for the numbers n2,d(/i) in and F^. 
It can be assumed that /U is a tuple of (3d— 2) points in the case of and of p points and q lines, 
with 2p+(7 = Ad— 3, in the case of P^. In the former case, we write 77-2, d for n2,d(^) and for the 
number of rational plane degree d curves passing through 3d— 1 points. 

If z/ G r(S X P"; A°'i7r^r*S (g) 7rJ„r*P") is generic, for all t G (0, 1), the signed cardinality of the 
set Mj: ,tu,d{fJ') is the symplectic invariant i?r2^rf(;/i). If t>0 is sufficiently small, every element of 
■M.Y,,tu,d{l^) lies either in a small neighborhood U of the set 'Hs,d(/^) or in a small neighborhood W 
of the space of all bubble map with singular domains. Furthermore, 

^|VWs,iM(M) r\U\ = |WE,d(M)| = 2n2,d(/u). 
On the other hand, by Subsection I 



\M^,tuAN^W\ = i (2) (3) (2) (2) (1) . (5.60) 

I '(^)+2ni '(^j + lSn^ '(/i)+n^ '{^)+2n\ '{fi) + n^^ '{fi), if n = 3. 



Thus, n2,rf(/^) is one-half of the difference between RT2^d{', fJ-) and the number in ( |5.60| ). We write 
CR{n) for the number given by ( ^.60 ). 



We first restrict to the case n = 2. We abbreviate M.[di,d2)ip'') as M.di,d2- ^^^t 

^2;d = ( IJ Zd^^d.^/Z2, where 2^di,d2 = |J ^S2,[Af],/;i,{0,di,rf2}(/^)' 
di,d2>0 i;=l,2 
di+d2=0 

where / = {(3,1,2} with the partial ordering < 1,2. The set Z2-d is the the zero-dimensional 
space of three-bubble maps passing through the (3d-2) points /x, such that the map is trivial on 
the principal component. Note that 

II , . I sr^ fM-2\ ^ ,, 
\Zd-2\=T2W = - 2^ \ ^ _^\did2nd^nd^. (5.61) 

dx+d2=d ^ ^ ^ 

The binomial coefficient counts the number of possible ways of distributing the constraints between 
the two nontrivial bubbles. Without the factor did2, the above number would have been precisely 
the number of two-component rational curves passing through (3d— 2) generic points in P". However, 
we have to account for the image of the evaluation map at 0, which must be one of the did2 points 
of intersection of two rational curves of degrees di and d2. 
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Lemma 5.23 In the re = 2 case, the total correction is given by 

CR{ii) = {78a^ + 72aci{C*) + 22c?(£*), [Vi(/i)]> - 18x2 (m). 

Proof: The four numbers of ( ^.60 ) are given by Lemmas |5.6| , ^.3| , and 5^. The cardinality of 
is given by Lemma 5.4. 



Lemma 5.24 With notation as above, 



1 



(aci(r),[Vi(/i)]; = -^-re, , 2 



1 -sr^ o ./3d-2\ 



Proof: By Corollary ^.16 , 



(5.62) 



(ii+c(2=rf 



Note that 



di+d2=d 



ii+d2=d 



j2 / 3d - 2 

Ml - 1 



(5.63) 



The reason for the appearance of the factor did2 in ( ^.63 ) is the same one as in ( |5.6l| ). On the 
other hand, the factor di appears because we need to count the number of times the first rational 
component intersects a line in P^. Since 

{a7i, [Viifi)]) = dud and (a^, [Vi(/u)]) = Ud, 

the claim follows by plugging ( |5.63| ) into ( p. 62 ). 

Lemma 5.25 With notation as above. 



cf(r),[Vi(/i)] 



1 ^-^ / 3d - 2 
9 2^ 



2 ^ V3rfi-lj^^'^'"'^^"'^ 

di+d2=d ^ ^ 



Proof: By Corollary ^.16 , 



cj{C*) = ^ciiC*){n-2da+ Y dlMd, 



d2 



(5.64) 



di+d2=d 



Since there are no two-component rational curves of total degree d passing through (3d— 1) generic 
points in and there are no three-component rational curves of total degree d passing through 
{'id— 2) generic points in P", by Corollary S.IC 



(?^Cl(£*), [Vi(m)]> = ^( - 2daH, [Vi(^)]> = -2nd. 



(5.65) 



79 



Similarly by Corollary f>.16 and Lemma 5.17 

1 



--^{ - 2dian, [Md^^d-i]) + |^di,d2| 
"1 

3d - 2' 



Z. 



di,d2 



-did2 



Ml - 1 



(5.66) 



ndj_nd^. 



Note that by symmetry 



, o / 3d - 2 \ 1 , , ,2 , , , / 3d - 2 \ 

^ '^^^^ ( 3di - 1 j "^^"^^ = 2 ^_ ^^^^ - ''^^^^^ [sd, - l) 



di+d2=d 



nd^rid^ 



(5.67) 



The claim now follows from equations ( ^.64D -( p.67| ) and Lemma 5.24 . 
Corollary 5.26 The total correction term is given by 



Ci?(M) = 78n, + 72i(-n, + i J] dldl(^^_\) 



di+d2=d ^ ' di+d2=d 



, , / 3d - 2 ' 
20 2^ did2[^^^_^}nd^nd2. 



Proof: This claim is immediate from Lemmas 5.23 - 5.25 and equation ( ^.611 ). 
Lemma 5.27 The genus-two RT-invariant in P-^ is given by 



RT2,d{;f^)^RT2,d{;Pl3d~2]) = Gd^nd+ Yl '^^^a 

di+d2=d 



3d -2 



,3di - 1 

Proof: Applying the genus-reducing composition law of [|RT| twice, we obtain 



ndj_nd2- 



(5.68) 



RT2,di;P[3d-2]) = 2i?ri,rf(p,p2;p[3rf_2]) + RTi^dii,i;P[3d-2]) 

= Wo,rf(p,P^p,p2;p[3rf_2]) + 4i?ro,d(p,p2,£,£;P[3rf_2]) +^To,rf(A^,^,^;P[3d-2]) 

= + 4RTo,d{p, i, £; Pi3d-2] ) + RToA^^ ^> P[3d-2] )• 

Since the genus-zero three-point RT-invariant is the usual enumerative invariant, the middle term 
above is simply Ad'^Ud- On the other hand, by the component-splitting composition law of |RT], 

RTo,d{i,i,i,i;p[3d-2]) = 2RToAi,i,F^;)RTo,d{i,i,p;P[3d-2]) 



+ Yl Yl Rn4A^ja;pj,)RTo42{^,i,t,pj^) 

3d - 2 



(5.69) 



ndind2- 



di+d2 



The lemma follows from equations ( |5.68| ) and ( ^.69| ). 

Theorem LI is nearly proved. We can simplify the expression in Corollary 5.26| by using a re- 
cursive relation for the numbers n^; see |RT| , p363]. The expression of Theorem LI is half of 
the difference between the quantity of Lemma ^.27| and Corollary ^.26 . Note that the numbers 
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Hd with d= 1,2,3 have long been known to be zero; see |ACGH]. Strictly speaking, our compu- 
tation does not apply to the cases d = l,2. However, these two cases do provide a consistency check. 



The case of is significantly harder than the n = 2 case. An explicit recursive formula as in 



Theorem 1.1 would be rather long, so we do not provide one. Instead we express n,2,(i(M) in terms 
of the corresponding symplectic invariant and intersection numbers of the spaces Vi(//), V2(//), 
and V'3(/i). 

Theorem 5.28 If d is a positive integer and fi is a tuple of p points and q lines in general position 
mP^ with 2p+q = 4d-3, 

2n2,d(/i) = RT2,di-; IJ) - CR{p), where 
^CR(fx) = (ma^ciiC*) + i76a^cl{C*) + 240a4{C*) + 49ci{C*),Viifi)) 

- (I44a(ci(£^) +ci(£*2)) +27(c?(£D +c?(/:*2)) +25ci(£^)ci(£^),V2(^)) 

- 324Tf^(^) +36t3(^). 

Furthermore, RT{-;fj,) and all intersection numbers above are computable. 

Proof: The six numbers of (|5.6C| ) in the n = 3 case are given by Lemmas |5.14| , 5.11 , 5.12 , ^.7] , 
and 
mas 



5.2 



respectively. The numbers (o, [5i (//)]), (ci(£*), and 52(/u) are given by Lem- 



5.5 and 5.13| . The symplectic invariant i2T2^rf(-;/i) is well-known to be computable; see |RT] 



The above intersection numbers are computable by Corollary 5.1^ . 



As in the case of P^, we recover the well-known fact that all degree-one, -two, and -three numbers 
are zero. The only degree-one number, the number of genus-two degree-one curves through a line, 
is zero because there are no holomorphic degree-one maps from a positive-genus curve into P"; 
see jACGHj 



The eight degree-two and -three numbers are zero because the image of any holo- 



morphic map of degree two or three from a genus- two curve into P" is a line, see [ ACGH ], while 
no line passes through the required constraints. The first three degree-four numbers given below 
have also been known to be zero, since the image of any holomorphic map of degree four from a 
genus- two curve into P" must lie in a plane. Finally, observe that the fourth degree- four number 



is the number n2 4 given by Theorem 1.1, as should be the case. 



degree 


4 


5 


(p>q) 


(6,1) 


(5,3) 


(4,5) 


(3,7) 


(0,13) 


(5,7) 


RT2,d(-;/i) 


7,872 


64,960 


548,608 


4,906,304 


5,130,826,752 


290,439,680 


CR{n) 


7,872 


64,960 


548,608 


4,877,504 


4,998,465,792 


258,287,360 


n2,d{lj) 











14,400 


66,180,480 


16,076,160 



6 Appendix 

6.1 A Short Exact Sequence on P" 

If M is a Kahler manifold and E — >M is a holomorphic vector bundle, let 0{E) denote the sheaf 
of holomorphic sections ol E. HE — > M is the trivial holomorphic line bundle, we write O for 
0{E). Let H — >P" be the hyperplane bundle. 
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Lemma 6.1 There is an exact sequence of sheaves over¥^: 

— >0 — >{n + 1)0{H) — > 0(rP") — > 0. 

Proof: (1) Let [Xq : . . . : X„] denote the homogeneous coordinates on P". Denote by Xi the section 
of the hyperplane bundle given by 

^i\lXo:...:Xn]{Xo, ■ ■ ■ ^n) = G C. 

Then we define a sheaf map O — > (n + 1)0{H) by 

f^ifXo,... JXn). 

Let Ui = {[Xq : . . . : X„] : Xi^d}. On f/j, we can use the complex coordinates 

Zi,k = -TT, k e {0,... ,n} - {i}. 

A,; 



Using these coordinates, we define a sheaf map (n + 1)0{H) — > ©(TP") by 

(PO, ■■■ ,Pn) > ^ {Pk{Zifl, ... , Zi^n) - Zi^kPi{Zifl, • • • , 



d 



dzih ' 



where Zi^i = 1. We need to see that this map is well-defined. Suppose j i. Then, 

-1 ^ iffc/i; 



d sr-^ dzj i d 



dzi 



,fc rr dzi,k dzji 



-.,-21 a 



if A; = j. 



Since each is a linear functional, if A; 7^ i, j, we can write the A:th summand in (6.1) as 



{Zjlpk{.Zjfi, ... , Zj^n) - zJzj^kPiiZjfl, ... , Zj,n))Zij 



dzi 



{Pk{zj,0, ... , Zj^n) - ZjJzj^kPi{Zj,0, ... , Zj^n)) 



d 



dZn 



The remaining, k = j, summand in (6J) equals 

i^jJPji^jfi, ... , Zj,n) - Zj^Pi{Zjfl, ... , Zj^n)) (-\/) (tT^ + Yl ^^'^ ^ 



dzj i ^ ' dz^ h 



(6.1) 



(6.2) 



(6.3) 



(6.4) 



Since Zj^iZi^k = Zj^k, collecting similar terms in (6^) and (|6.4|), we obtain equation ( |6.1| ) with i 
replaced by j. 

(2) It is clear that the first map is injective, the second is surjective, and the composite is zero. 
Finally, if (pQ, . . . ,pn) is mapped to zero by the second map, then (6T) implies that Xjpi = XiPj 
for all i and j. Thus, the function /, given by 



f{[Xo:...:Xn]) 



PijXo, . . . ,Xn) 

X,, 



is well-defined and holomorphic wherever (pq, ... ,p„) is. 
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6.2 On Regularity of Kernel of Dh 

Lemma 6.2 Ifu: S"^ — >P" is a holomorphic map, there is a surjection 

(n + 1)H^ (5^; 0{u*H (-(fc + l)p))) {S^; 0(n*rP" (-(A; + l)p))) , 

where p denotes the divisor corresponding to a point p£ S^. If the degree of u is at least k, then 
both cohomology groups are trivial. 



Proof: Pulling back the short exact sequence of sheaves of Lemma 3.1 by u, tensoring it with 
— {k + l)p, and taking the corresponding long exact sequence, we obtain: 

^ {n + l)H^{S^;0{u*H^{-{k + l)p))) ^ H^{S^-0{u*TF''^{-{k + l)p))) 
^H\S^-0{-{k + l)p))^... ^^'^^ 



Since S"^ is a one-dimensional complex manifold, the last cohomology group in (6.5) must vanish, 
and the first statement of the lemma follows. On the other hand, by Kodaira-Serre duality, 

H^{S^-0{u*H®{-{k + l)p)))=H^{S^-^^{u*H®{-{k-l)p)) 

« H%s^;o{{u*H ® {-{k - mr))*. 

The last group in ( |6.6D is trivial if 0{u* H {—{k — l)p)) is positive, i.e. if 

(ci {u*H ®i-ik- l)p) , [S^]) = d - (/c - 1) > 0, 
where d is the degree of u. 

Corollary 6.3 If f : S"^ — > P" is holomorphic map of degree d, for any p £ S"^ and nonzero 



v^TpS"^, the map 



p,,: kerD„ r„(p)P", = fe, I^Clp,., • • • 

r?ie(fc> 

where D£_\p^y denotes the covariant derivative of ^ along u in the direction of v, is surjective pro- 
vided d>k. 

Remark: If one defines D^^^^ with respect to the metric 5pn,„(p) on P", D^^) Gr„(p)P" ® j'*g2m^ 
where T*S'^ is viewed as a complex line bundle. However, the statement is independent of the 
choice of metric on P". 

Proof: Since ^ is holomorphic, if (p^p^lc is zero, ^ has a zero of order k + 1 at p. Thus, induces 
a short exact sequence of sheaves on S'^: 

0(n*TP" {-{k + l)p)) 0(n*TP") ^ {k + l)0((n*TP")p) 0, 

where we view C'((n*TP")p) as a sheaf on S'^ via extension by 0; see [|GH| , p38]. Taking the 
corresponding long exact sequence in cohomology, we obtain 

... ^/7°(5^0(u*rP")) ^ (A: + l)i7°(52;C'((n*rP")p)) 
— > {S^; 0(n*rP" {-{k + l)p))) . . . 

By Lemma 3.2, the last cohomology group in ( |6.7D is zero ii d> k. It follows that the map is 
surjective. 
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6.3 Dimension Counts 

Lemma 6.4 Ifu: M — >P" is a holomorphic map, there is an isomorphism 

(M; (n + l)0{u*H)) — > (M; 0(u*TP")) . 

Proof: The short exact sequence of Lemma |6.1| gives a long exact sequence in sheaf cohomology: 

...H^{F'';0) — > H^{¥'';{n+1)0{H)) — ^ (P"; ©(TP")) — ^ ^^(P"; O) . . . (6.8) 

Since is Kahler, //^(P"; O) = Ti^'^iF'^), where Tl'^''^ denotes the harmonic {p, g)-forms. However, 
all of the cohomology of P" is generated by ci{H) and thus lies in HP'P{¥^; O). In particular, 

H^{¥"- O) = /72(p«; o) = 0. (6.9) 



If n : M — > P" is a homomorphic map, pulling back the long exact sequence in ( |6.8D and using 
( |6.9D , we see that 

H^{M;{n + l)0{v*H)) — > {M;0{v*Tf'^)) 



is an isomorphism, induced by the sheaf map 0{H) — ^©(TP") defined in the proof of Lemma 3.1. 

Corollary 6.5 Let T, be a compact Riemann surface. If u: T, — > P" is a holomorphic map, the 
d-operator for the bundle u*TW^, 

Du : r(i;; n*TP") — > r(S; hP'^T*T. (g) n*TP") 

is surjective, provided d + x(^) > 0; where d is the degree of u. 

Proof: The cokernel of is H^{T,;u*TW"'). By Dolbeault Theorem and Lemma 6.4, 

i/i(S; n*TP") = (S; C'(u*TP")) = (n + 1)H^ (S; 0{u*H)) . (6.10) 

By Kodaira-Serre duality (see [pHl , pl53]), 

H^{T,;0{u*H)) = H'^{T.;n^(TT.0u*H)) 

= /7°(S; ©((TS u*H)*)y = i/|(S; (TS u*H)*y. ^^'^^"^ 

The bundle (TS u*H)* does not admit any holomorphic section if it is negative, i.e. if 

{ci{{T^0u*H)),[^) = (ci(TS) + ci(n*F),[S]> =x(S) + (i>0. 

Thus, the claim follows from equations ( |6.10| ) and ( |6.11| ). 

Proposition 6.6 Let T, be a Riemann surface of genus 2 and let d and n be positive integers 
with n<4. If n = A, assume that d / 2. Suppose fj, = {fii,... , fiN) is an N -tuple of proper 
complex submanifolds ofF"^ of total complex codimension d{n + l) — n-\-N in general position. If 
T = (S, [N]J;j,d') is a bubble type .such that T < (S, [iV], {6}; 6, d) and d'^>0, then nTil^) = 9- 
Furthermore, if 

6=(E,[Ar],{6};,(6,y),n)GW(^^j^,^^.^^-^^ 
then the map u is not multiply- covered. 
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Proof: (1) If d'^>3, by Corollaries 3.3 and 3.5 and standard arguments such as in |MS], the space 
TCq- is a smooth manifold and the maps ev/ are smooth. If 6 G TCj- a neighborhood of b in TCq- can 

l=n 

be modeled on ker © © Pyi^bjr In particular, by the Index Theorem, 

1=1 

dime nr = Y^ {d'iin + 1) + n(l - ^(Sb.i))) - {n - + N = d{n + 1) - n + |/| + TV. 
Thus, if the map 

ev[^] = evi X . . . X evAT : — > P" x . . . x P", 

is smooth and transversal to /^i x . . . x ^uat, Wr(^) is a smooth manifold of (complex) dimension |/|. 
Since the map ev[jv] is invariant under the action of 2|/|-dimensional group 

Qt acts smoothly on TCq-di). Furthermore, the stabilizer at each point is finite. Thus, 'H7-(/i)=0. 

(2) Suppose d'^ = 2. If 6= (S, [N],P,x, SHr, the map Uq must factor through a degree-one 
map Uq : 5^ — >P"; see [ |ACGH| , pll6]. Thus, it is enough to show that the space 7{T'{fJ-) = ^, where 
T' = (52, [N],r,j,d"), dl = d'f^ ifhGl and d'^ = 0. By Corollaries U and ||| , the space Ht' is a 
smooth manifold of dimension 

dimcHr' = {d- l)(n + 1) + n + |/| + N. 

Similarly to (1) above, it follows that TCq-i{p) is a smooth manifold of dimension n — on 
which the (2M-|-3)-dimensional group PSL2xGj- acts with only finite stabilizers. It follows that 
"^T' (m) = if n < M-|-4. Note that the case / = can occur only if d = d^ = 2. Finally, if dp = 1, 
the entire space TCq- is empty, since there are no holomorphic degree-one maps from T, into P"; 
see lACGHj . 

(3) Suppose b = (S, [A^],{0}; , {0,y),u) ^'Hf^^ [at] {o} o-d)(/^) ^"^^ ^- ^ — ^^'^ factors through a fe-fold 
cover of S*^, where k>2 and k divides d. Then h arises from the space TCq-'ilJ'), where 

r = {S\[N],{6};6,d/k). 

Similarly to the above, this space is a smooth manifold of dimension 

k — 1 

{{d/k){n + l)+n + N) - {d{n + l)-n + N) = T—d{n 2n. 

Ki 

Thus, TCr'ifJ') = ^1 provided d > 3. In fact, since TCr'ifJ') has a three-dimensional group of 
symmetry, 'Hr'(/u) = unless d = 2 and n>4. 

(4) Suppose b is as in (3) and u factors through a fc-fold cover of a torus T, where k>2 and k 
divides d. Then b arises from the space 

ni^d/kif^) = {{00, y[N],u): x£C-R; C^P", du = 0, n^T] = |a; 

u{z+a+bx) = u{z) VxGC,a,6GZ; yi£C, u{yi) £ fii \/l£[N]}. 
Similarly to the above. Corollary |6.5| implies that 'Hi^d/kip) is a smooth space of dimension 

{{d/k){n + 1) + 1 + iV) - {d{n + 1) - n + 7V) = - {^^d - l) (n + 1) < 1. 
Since Ti-i d/kit^) has a one-dimensional group of symmetries of C-translations, Hi = 0. 
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